Journal of Sound and Vibration 643 (2026) 120026

Contents lists available at ScienceDirect

JOURNAL OF

) AND

Journal of Sound and Vibration

journal homepage: www.elsevier.com/locate/jsvi =

Check for

Predicting Generalized Steady States in Aperiodically Forced
Mechanical Systems

Roshan S. Kaundinya (22, Isabella Thiel 2 ®, Balint Kaszas ¢, Shobhit Jain 2 9,
George Haller®*

2 Institute for Mechanical Systems, ETH Ziirich, Switzerland

" SAND Lab, MIT, Switzerland

¢ Center for Turbulence Research, Stanford University, Switzerland
dTU Delft, Switzerland

ARTICLE INFO ABSTRACT
Keywords: The existence of generalized steady states (GSSs) in nonlinear mechanical systems under moderate
Aperiodic forcing temporally aperiodic forcing has only been shown recently. Here we derive systematic expansions

Generalized steady states
Structural vibrations
Asymptotic expansions

for such GSSs and construct a numerical algorithm that yields explicit and arbitrarily refinable
approximations for GSSs without the need for an initial convergence period. This is to be con-
trasted with a direct numerical integration of the system, whose convergence is hard to assess
or is even undefined for short, transient forcing. When at least the linear part of the equations
of motion is known, our GSS algorithm outperforms available data-driven neural-network-based
techniques for predicting forced response in structural dynamics problems. In a fully equation-
driven setting, our GSS computations are shown to be faster than a direct numerical integration
of forced nonlinear finite-element models of beams and shells.

1. Introduction

Civil engineering structures, airplane wings and wind turbine blades are constantly tested for damage under external environ-
mental conditions (see, e.g., Sause and Jasitiniené [1] and Vidal et al. [2]). For vibration engineering analysis, these environmental
conditions are modeled as external forces acting on a structural system. Naturally occurring external forces stem from earthquake
ground accelerations (PEER [3]), wind pressure fluctuations (Carta et al. [4]), soil-structure interactions (Harte et al. [5]) and fluid-
structure interactions (Cadot [6]). Such external forcings have two key characteristics: they always act over a finite time interval and
are temporally aperiodic.

Within such a finite time interval, damage detection and assessment schemes crucially rely on the forced response of the struc-
tures. Of particular concern to the practitioner is the prolonged structural deformation caused by persistent forcing, which requires
understanding the structure’s steady state (i.e., converged) forced response. Establishing that a system has reached such a steady
state is straightforward under periodic or quasiperiodic external forcing: one simply waits until the response reaches a periodic or
quasiperiodic state that has the same frequency content as the forcing. This approach, however, is inapplicable under general aperi-
odic forcing. One might still hope that a statistical steady state is reached at some point, but this would assume a well-defined, steady,
long-term statistics for the external forcing. In practice, this assumption is typically not satisfied, as the time interval of interest is
too short to infer any statistics for the forcing or to conclude the convergence of the forced response definitively. Practically relevant
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\begin {equation}\label {eq:eom} {\bf {M}}\ddot {{\bf {x}}} + {\bf {C}} \mathbf {\dot {x}}+{\bf {K}} {\bf {x}} + {\bf {f}}({\bf {x}},\mathbf {\dot {x}}) = {\bf {g}}({\bf {x}},\mathbf {\dot {x}},t),\end {equation}


${\bf {x}} \in \mathbb {R}^n$


${\bf {M}} \in \mathbb {R}^{n\times n}$


${\bf {K}} \in \mathbb {R}^{n\times n}$


${\bf {C}} \in \mathbb {R}^{n\times n}$


$\bf {f}$


${\bf {f}}({\bf {0}},{\bf {0}})={\bf {0}}$


$\bf {g}$


$\bf {g}$


\begin {equation}\label {eq:uniform_boundedness} \|{\bf {g}}({\bf {x}},\mathbf {\dot {x}},t)\| \leq \Delta , \quad t\in \mathbb {R}, \quad ({\bf {x}},\dot {{\bf {x}}}) \in V \subset \mathbb {R}^{2n}, \quad {\bf {g}}({\bf {x}},\mathbf {\dot {x}},\cdot ) \in C^0(\mathbb {R}),\end {equation}


$\Delta > 0$


$\|\cdot \|$


$V$


$\mathbb {R}^{2n}$


$\Delta $


$\bf {g}$


$\Delta $


${\bf {g}}\equiv {\bf {0}}$


$({\bf {x}},\mathbf {\dot {x}}) = ({\bf {0}},{\bf {0}})$


\begin {equation}\label {eq:first_order_system} {\bf {B}} \mathbf {\dot {z}} = {\bf {A}}{\bf {z}} + {\bf {F}}({\bf {z}}) + {\bf {G}}({\bf {z}}, t).\end {equation}


${\bf {z}} = ({\bf {x}},\mathbf {\dot {x}})$


\begin {align}\label {eq:second_to_first} {\bf {B}} = \begin {bmatrix} {\bf {C}} & {\bf {M}} \\ {\bf {M}} & {\bf {0}} \end {bmatrix}, \quad {\bf {A}} = \begin {bmatrix} -{\bf {K}} & {\bf {0}} \\ {\bf {0}} & {\bf {M}} \end {bmatrix}, \quad {\bf {F}}({\bf {z}}) = \begin {pmatrix} -{\bf {f}}({\bf {x}},\mathbf {\dot {x}}) \\ {\bf {0}} \end {pmatrix}, \quad {\bf {G}}({\bf {z}},t) = \begin {pmatrix} {\bf {g}}({\bf {x}},\mathbf {\dot {x}},t) \\ {\bf {0}} \end {pmatrix}.\end {align}


$\kappa , K >0$


\begin {equation}\label {eq:dichotmy} |e^{{\bf {B}}^{-1}{\bf {A}}t}| \leq K e^{-\kappa t}, \quad t\geq 0.\end {equation}


${\bf {B}}^{-1}{\bf {A}}$


\begin {equation}\label {eq:specBA} \text {spect}({\bf {B}}^{-1}{\bf {A}}) = \{\lambda _1,\dots ,\lambda _{2n}\},\end {equation}


\begin {equation}\label {eq:ordering} \text {Re}\lambda _{2n} \leq \text {Re}\lambda _{2n-1} \leq \dots \leq \text {Re}\lambda _2 \leq \text {Re}\lambda _1 <0.\end {equation}


${\bf {B}}^{-1}{\bf {A}}$


$2n$


\begin {equation}{\bf {v}}_1,\dots ,{\bf {v}}_{2n} \in {\bf {C}}^{2n} \label {Xeqn7-8}\end {equation}


$\bf {B}$


$\bf {M}$


${\bf {B}}\mathbf {\dot {z}} = {\bf {A}}{\bf {z}}$


\begin {equation}\label {eq:gen_eigen_problem} ({\bf {A}} - \lambda _j {\bf {B}} ) {\bf {v}}_j = {\bf {0}}, \quad j = 1,2,\dots , 2n.\end {equation}


${\bf {V}}\in \mathbb {C}^{2n\times 2n}$


${\bf {v}}_j$


$\text {Re}\lambda _j$


\begin {equation}\label {eq:normalization_fo} {\bf {V}}^{*} {\bf {B}} {\bf {V}} = {\bf {I}},\end {equation}


${\bf {I}}$


$()^*$


${\bf {C}} = c_{M}{\bf {M}} + c_{K} {\bf {K}}$


$c_{K},c_{M} \in \mathbb {R}$


\begin {equation}\label {eq:second_order_ev_problem} \left ({\bf {K}} - \omega _j^2 {\bf {M}} \right ) {\bf {u}}_j = {\bf {0}}, \quad j = 1,2,\dots , n.\end {equation}


$\omega _j$


${\bf {u}}_j$


${\bf {u}}^\top _i {\bf {M}} {\bf {u}}_j = \delta _{ij}$


${\bf {u}}_j$


$\omega _j$


${\bf {U}} \in \mathbb {R}^{n\times n}$


${\bf {x}} = {\bf {U}}{\bf {y}}$


$n$


\begin {align}\label {eq:second_order_l} \ddot {\mathbf y}_j + 2\omega _j \zeta _j \dot {\mathbf y}_j + \omega _j^2 \mathbf { y}_j &= 0, \quad j = 1,\dots , n,\end {align}


$\zeta _j = \frac {1}{2 \omega _j}\left (c_M + c_K \omega _j^2\right )$


$n \times n$


$\bf {P}$


${\bf {z}} = {\bf {P}}\boldsymbol {\eta }$


\begin {equation}\label {eq:modal_equations} \dot {\boldsymbol \eta } = \boldsymbol \Lambda \boldsymbol \eta .\end {equation}


$\bf {C}$


\begin {equation}\label {eq:g_damping_t} {\bf {P}} = {\bf {V}}\end {equation}


\begin {equation}\label {eq:g_damping_l} \boldsymbol {\Lambda } = \mathrm {diag}(\lambda _1, \dots \lambda _{2n})\in \mathbb {C}^{2n \times 2n}.\end {equation}


${\bf {S}} \in \mathbb {R}^{2n\times 2n}$


\begin {equation}{\bf {S}}_{ij} = \begin {cases} 1 & \text {if } i \text { is odd and } j = \frac {i+1}{2} ,\\[6pt] 1 & \text {if } i \text { is even and } j = n + \frac {i}{2}, \\[6pt] 0 & \text {otherwise}, \end {cases} \qquad i,j \geq 1, \label {Xeqn14-16}\end {equation}


\begin {equation}\label {eq:s_damping_t} {\bf {P}} = \begin {bmatrix} {\bf {U}} & {\bf {0}} \\ {\bf {0}} & {\bf {U}} \end {bmatrix} {\bf {S}}^{\mathrm {T}},\end {equation}


\begin {equation}\label {eq:s_damping_l} \boldsymbol \Lambda = \mathrm {diag}(\boldsymbol {\lambda }_1, \dots , \boldsymbol {\lambda }_n) \in \mathbb {R}^{2n \times 2n}, \quad \boldsymbol {\lambda }_j = \begin {bmatrix} 0 & 1 \\ -\omega _j^2 & -2 \zeta _j \omega _j \end {bmatrix}.\end {equation}


$\mathbf {\Lambda }$


$\boldsymbol {\Lambda }$


$d$


$E$


$\lambda _1, \dots , \lambda _d,$


$E$


$d$


$d$


$\mathcal {W}_E$


${\bf {G}}\equiv 0$


$\boldsymbol {\Lambda }$


$\mathcal {W}_E$


$d$


$\Delta >0$


$\mathcal {W}_E$


$\mathcal {W}_E(t)$


$\mathcal {W}_E(t)$


$\Delta $


\begin {align}\label {eq:conditions} \Delta \leq \delta \left ( \frac {1}{\|{\bf {V}}\| \|{\bf {V}}^*\| \Gamma (\mathbf {\Lambda })} - 2(L^F_\delta + L^G_\delta )\right ) - \|{\bf {F}}({\bf {z}})\|, \quad \quad 2\|{\bf {V}}\| \|{\bf {V}}^*\| \Gamma (\mathbf {\Lambda }) (L^F_\delta + L^F_\delta ) \leq a <1,\end {align}


$a \in (0,1)$


$\delta >0$


$\bf {F}$


$\bf {G}$


$L_\delta ^F$


$L_\delta ^G$


${\bf {G}}({\bf {z}},t)$


$\Delta > 0$


\begin {equation}\|{\bf {G}}({\bf {z}},t)\| \leq \Delta , \quad \forall \, ({\bf {z}},t) \in B_{\delta } \times \mathbb {R}. \label {Xeqn54-A.1}\end {equation}


${\bf {z}}^*(t)$


$B_{\delta } \subset \mathbb {R}^{2n}$


${\bf {z}} =0$


$N$


\begin {equation}\label {eq:anchor} {\bf {z}}^*(t) = \sum _{\nu = 1}^{N} {\bf {z}}_{\nu }(t) + o(\Delta ^N),\end {equation}


\begin {equation}\label {eq:gss_equation} {\bf {B}}\dot {{\bf {z}}}^*(t) = {\bf {A}}{\bf {z}}^*(t) + {\bf {F}}({\bf {z}}^*(t)) + {\bf {G}}({\bf {z}}^*(t),t).\end {equation}


${\bf {z}}_\nu (t)$


$\epsilon >0$


${\bf {G}} \to \epsilon {\bf {G}}$


${\bf {z}}_{\nu } \to \epsilon ^\nu {\bf {z}}_{\nu }$


$\epsilon $


$O(\epsilon ^\nu )$


$O(\epsilon ^{\nu -1})$


${\bf {z}}_{\nu }(t)$


\begin {align}\label {eq:recursive_terms} &{\bf {z}}_{\nu }(t) = \int _{-\infty }^t {\bf {P}} e^{\mathbf {\Lambda }(t-s)} \left ( {\bf {P}}^* {\bf {B}}{\bf {P}}\right )^{-1}{\bf {P}}^* \Biggl ( \sum _{1\leq |\boldsymbol {\gamma }|\leq \nu } {\bf {D}}_{{\bf {z}}}^{\boldsymbol {\gamma }}{\bf {F}}|_{{\bf {z}}=0} \sum _{q=1}^{\nu }\sum _{{\bf {k}},{\bf {l}} \in p_q(\nu ,\boldsymbol {\gamma })} {\bf {z}}_{{\bf {l}}q}^{{\bf {k}}}(s) \\ &\qquad \quad + \sum _{1\leq |\boldsymbol {\gamma }|\leq \nu -1} {\bf {D}}_{{\bf {z}}}^{\boldsymbol {\gamma }}{\bf {G}}|_{{\bf {z}}=0}\sum _{q=1}^{\nu -1}\sum _{{\bf {k}},{\bf {l}} \in p_q(\nu -1,\boldsymbol {\gamma })}^{} {\bf {z}}_{{\bf {l}}q}^{{\bf {k}}}(s) \Biggr ) ds , \quad \nu >1,\nonumber \end {align}


\begin {align}\label {eq:recursive_terms_0} {\bf {z}}_1(t) = \int _{-\infty }^{t} {\bf {P}} e^{\mathbf {\Lambda }(t-s)} \left ( {\bf {P}}^* {\bf {B}}{\bf {P}}\right )^{-1}{\bf {P}}^* {\bf {G}}({\bf {0}},s) ds.\end {align}


$\boldsymbol {\gamma }\in \mathbb {N}^{2n}$


$|\boldsymbol {\gamma }|=\sum _{i=1}^{2n} \boldsymbol {\gamma }_i$


${\bf {z}}_{{\bf {l}}q}^{{\bf {k}}}(s)$


\begin {equation}\label {eq:z_factor} {\bf {z}}^{{\bf {k}}}_{{\bf {l}}q}(s) = \prod _{j=1}^{q} \prod _{i=1}^{2n} \frac {({\bf {z}}^i_{({l}_j)}(s))^{{\bf {k}}_{ji}}}{{\bf {k}}_{ji}!},\end {equation}


${\bf {D}}_{{\bf {z}}}^{\boldsymbol {\gamma }}$


\begin {equation}{\bf {D}}_{{\bf {z}}}^{\boldsymbol {\gamma }} = \frac {\partial ^{|\boldsymbol {\gamma }|}}{\partial {\bf {z}}_1^{\boldsymbol {\gamma }_1} \dots {\bf {z}}_{2n}^{\boldsymbol {\gamma }_{2n}}}, \label {Xeqn20-24}\end {equation}


$p_q(\nu ,\boldsymbol {\gamma })$


\begin {equation}\label {eq:index_set} p_q(\nu ,\boldsymbol {\gamma }) = \left \{ ({\bf {k}},{\bf {l}}): {\bf {k}} \in \mathbb {N}^{q \times 2n}-\{{\bf {0}}\},{\bf {l}} \in \mathbb {N}^q - \{{\bf {0}}\}, {l}_1<\dots <{l}_q, \sum _{j=1}^q {\bf {k}}_{ji} = \boldsymbol {\gamma }_i, \sum _{i=1}^{2n}\sum _{j=1}^q {\bf {k}}_{ji} {l}_j = \nu \right \}.\end {equation}


$\bf {F}$


$\bf {G}$


$\bf {z}$


${\bf {G}}({\bf {0}},t)$


$C^0$


$t$


\begin {equation}\label {eq:weakness_measure} r_w = \frac {\overline {\int _{t_0}^{t_f} \| {\bf {g}}\left ({\bf {x}}(s), \dot {{\bf {x}}}(s),s\right )\| ds}}{\overline {\int _{t_0}^{t_f} \| {\bf {C}}\dot {{\bf {x}}}(s) + {\bf {K}} {\bf {x}}(s) + {\bf {f}}({\bf {x}}(s), \dot {{\bf {x}}}(s)) \| ds}}.\end {equation}


$({\bf {x}}(t),\dot {{\bf {x}}}(t))$


$r_w \ll 1$


$r_w \leq 1$


$r_w > 1$


${\bf {G}} \to \Delta \mathbf {\tilde {G}}$


$\mathbf {\tilde {{\bf {G}}}} = \frac {{\bf {G}}}{\|{\bf {G}}\|}$


$\Delta $


\begin {equation}\label {eq:GSS_single_forcing} {\bf {z}}^*(t,\Delta ) = \sum _{\nu =1}^{N} \mathbf {\tilde {z}}_{\nu }(t) \Delta ^\nu + o(\Delta ^N).\end {equation}


$\tilde {{\bf {z}}}_\nu (t)$


$\mathbf {\tilde {G}}$


$\Delta = \|{\bf {G}}\|$


$\mathcal {W}_E(t)$


$d$


${\bf {r}} \in \mathbb {R}^d$


${\bf {W}}({\bf {r}})$


${\bf {R}}({\bf {r}})$


\begin {align}\label {eq:reduced_SSM} \dot {{\bf {r}}} &= {\bf {R}}({\bf {r}}) + ({\bf {P}}^{*})_E {\bf {G}}({\bf {0}},t), \\ {\bf {z}}(t) &= {\bf {W}}({\bf {r}}(t)) + \int _{-\infty }^{t} {\bf {P}}e^{\mathbf {\Lambda } (t-s)} {\bf {P}}^{*} (1-{\bf {P}}_E ({\bf {P}}^*)_E) {\bf {G}}({\bf {0}},t). \nonumber \end {align}


$({\bf {P}})_E$


$d$


${\bf {P}}_E$


$d$


$\bf {P}$


${\bf {B}} \equiv {\bf {I}}$


${\bf {A}} = {\bf {D}}_{{\bf {r}}}{\bf {R}}({\bf {0}})$


${\bf {F}} \equiv {\bf {R}}({\bf {r}}) - {\bf {D}}_{{\bf {r}}}{\bf {R}}({\bf {0}})$


${\bf {G}} \equiv ({\bf {P}}^{*})_E {\bf {G}}({\bf {0}},t)$


$\bf {F}$


$\bf {G}$


$\bf {z}$


\begin {equation}\label {eq:multiindex_notation} {\bf {F}}({\bf {z}}) = \sum _{{\bf {m}} \in \mathbb {N}^{2n}} {\bf {F}}_{{\bf {m}}} {\bf {z}}^{{\bf {m}}}\end {equation}


\begin {equation}{\bf {G}}({\bf {z}},t) = \sum _{{\bf {m}} \in \mathbb {N}^{2n}} {\bf {G}}_{{\bf {m}}}(t) {\bf {z}}^{{\bf {m}}}, \label {Xeqn25-30}\end {equation}


${\bf {z}}^{{\bf {m}}} = {z}_1^{{m_1}}\dots {z}_{2n}^{{m_{2n}}}$


\begin {equation}\label {eq:poly_expr} \sum _{1\leq |\boldsymbol {\gamma }|\leq \nu } {\bf {F}}_{\boldsymbol {\gamma }} \prod _{i=1}^{2n} \boldsymbol {\gamma }_i! \sum _{q=1}^{\nu }\sum _{p_q(\nu ,\boldsymbol {\gamma })} {\bf {z}}_{{\bf {l}}q}^{{\bf {k}}}(s) + \sum _{1\leq |\boldsymbol {\gamma }|\leq \nu -1} {\bf {G}}_{\boldsymbol {\gamma }}(s) \prod _{i=1}^{2n} \boldsymbol {\gamma }_i! \sum _{q=1}^{\nu -1}\sum _{p_q(\nu -1,\boldsymbol {\gamma })}^{} {\bf {z}}_{{\bf {l}}q}^{{\bf {k}}}(s) .\end {equation}


$O(x^\nu )$


$x$


\begin {equation}\sum _{1\leq |\boldsymbol {\gamma }|\leq \nu } {\bf {F}}_{\boldsymbol {\gamma }} {\bf {H}}_{\boldsymbol {\gamma },\nu } , \label {Xeqn27-32}\end {equation}


${\bf {H}}_{\boldsymbol {\gamma },\nu }$


\begin {equation}\label {eq:radial_GSS} \boldsymbol {\Phi }_{\nu }(s) = \begin {cases} {\bf {G}}_{{\bf {0}}}(s) & \text {if } \nu = 1, \\[1em] \displaystyle \sum _{1 \leq |\boldsymbol {\gamma }| \leq \nu } {\bf {F}}_{\boldsymbol {\gamma }} {\bf {H}}_{\boldsymbol {\gamma },\nu }(s) + \sum _{1 \leq |\boldsymbol {\gamma }| \leq \nu -1} {\bf {G}}_{\boldsymbol {\gamma }}(s) {\bf {H}}_{\boldsymbol {\gamma },\nu -1}(s) & \text {if } \nu > 1. \end {cases}\end {equation}


${\bf {H}}_{\boldsymbol {\gamma },\nu }(s)$


\begin {equation}\label {eq:radial_derivative} {\bf {H}}_{\boldsymbol {\gamma },\nu }(s) =\left [\left ({\bf {z}}^*(s) \right )^{\boldsymbol {\gamma } }\right ]_{O(\Delta ^{\nu })} = \left [\sum _{q=1}^{\nu }\left (\sum _{j=1}^{q} {\bf {z}}_{({l}_j)}(s) \right )^{\boldsymbol {\gamma } }\right ]_{O(\Delta ^{\nu })}.\end {equation}


$[\cdot ]_{O(\Delta ^\nu )}$


$\nu $


${\bf {H}}_{\boldsymbol {\gamma },\nu }(s)$


$s$


${\bf {H}}_{\boldsymbol {\gamma },\nu }(s)$


${\bf {H}} \in \mathbb {R}^{2n \times N \times T}$


$N$


$T$


$\bf {H}$


$n$


$N$


$T$


$\mathcal {O}(n \cdot N \cdot T)$


$N$


$\nu $


$\bf {G}$


$T$


${\bf {G}}_{{\bf {m}}} \in \mathbb {R}^{2n \times T}$


${\bf {H}}_{\boldsymbol {\gamma },\nu }(s)$


$\nu =1$


\begin {equation}\boldsymbol {\Phi }_1(t) = {\bf {G}}({\bf {0}},t) = ({\bf {g}}({\bf {0}},{\bf {0}},t),{\bf {0}})^\mathrm {T}. \label {Xeqn30-35}\end {equation}


$\nu > 1$


$\boldsymbol {\Phi }_{\nu }(t) = (\boldsymbol {\phi }_{\nu }(t), {\bf {0}})^\mathrm {T}$


$\boldsymbol {\phi }_{\nu }(t) \in \mathbb {R}^{n}\times \mathbb {R}$


$T$


$[t_0,t_f]$


$\delta t$


$t<t_0$


$T_p \delta t$


$T_p$


\begin {equation}\label {eq:Integral_Fredholm} {\bf {z}}_{\nu } (t) = \int _{-\infty }^t {\bf {P}}e^{\mathbf {\Lambda }(t-s)} \left ( {\bf {P}}^* {\bf {B}}{\bf {P}}\right )^{-1}{\bf {P}}^* \boldsymbol {\Phi }_{\nu }(s) ds \approx \int _{-T_p \delta t}^t {\bf {P}}e^{\mathbf {\Lambda }(t-s)} \left ( {\bf {P}}^* {\bf {B}}{\bf {P}}\right )^{-1}{\bf {P}}^* \boldsymbol {\Phi }_{\nu }(s) ds,\end {equation}


\begin {equation}\label {eq:newmark} {\bf {M}} \ddot {{\bf {x}}}_{\nu } + {\bf {C}} \dot {{\bf {x}}}_{\nu } + {\bf {K}} {\bf {x}}_{\nu } = \boldsymbol {\phi } _\nu (t+(t_0-T_p\delta t)), \quad {\bf {z}}_{\nu }(0) = {\bf {0}}, \quad {\bf {z}}_{\nu } = ({\bf {x}}_{\nu },\dot {{\bf {x}}}_\nu )^\mathrm {T},\end {equation}


$[T_p \delta t ,T_p \delta t +t_f ]$


\begin {equation}\label {eq:fund_integral} {\bf {z}}_{\nu }(t+\delta t) = {\bf {P}}e^{\mathbf {\Lambda }\delta t } \left ( {\bf {P}}^* {\bf {B}}{\bf {P}}\right )^{-1}{\bf {P}}^*{\bf {z}}_{\nu }(t) + \int _{0}^{\delta t} {\bf {P}}e^{\mathbf {-\Lambda }s} \left ( {\bf {P}}^* {\bf {B}}{\bf {P}}\right )^{-1}{\bf {P}}^* \boldsymbol {\Phi }_\nu (s+t) ds,\end {equation}


\begin {equation}{\bf {z}}_{\nu }(-T_p\delta t)={\bf {0}}, \label {Xeqn34-39}\end {equation}


$[0,\delta t]$


$\boldsymbol {\Lambda }$


$\bf {P}$


\begin {equation}\label {eq:L_j_gd} {\bf {V}}{\bf {L}}(t,\delta t),\end {equation}


${\bf {L}}(t,\delta t) \in \mathbb {R}^{2n}$


\begin {equation}\label {eq:l_ref_gd} {\bf {L}}_j(t,\delta t) =\int _0^{\delta t} e^{-\lambda _j s} \left [{\bf {V}}^* \boldsymbol {\Phi }_\nu (s+t) \right ]_{j} ds\quad j =1,\dots , 2n .\end {equation}


$[t, t+\delta t]$


\begin {equation}\label {eq:pwl} \boldsymbol \Phi _\nu (s+t) = \boldsymbol \Phi _\nu (t) + \frac {s}{\delta t } \left (\boldsymbol \Phi _\nu (t+\delta t) - \boldsymbol \Phi _\nu (t)\right ).\end {equation}


${\bf {L}}_j$


\begin {equation}\label {eq:first_order_integral} {\bf {L}}_j(t,\delta t) = {\bf {Q}}_j^{\mathrm {T}}(\delta t ) \begin {pmatrix} \left [{\bf {V}}^* \boldsymbol {\Phi }_\nu (t) \right ]_{j} \\ \left [{\bf {V}}^* \boldsymbol {\Phi }_\nu (t+\delta t) \right ]_{j} \end {pmatrix},\end {equation}


\begin {align}{\bf {Q}}_j(\delta t ) = \begin {pmatrix} \frac {e^{\lambda _j\delta t}-1}{\lambda _j} - \frac {1}{\delta t}\left (\frac {e^{\lambda _j\delta t}-1}{\lambda _j^2}-\frac {\delta t}{\lambda _j}\right )\\ \frac {e^{\lambda _j\delta t}-1}{\lambda _j^2}-\frac {\delta t}{\lambda _j} \end {pmatrix}.\end {align}


${\bf {Q}}_j$


$\delta t$


${\bf {Q}}_j$


$\lambda _j \neq 0$


$\boldsymbol {\Phi }_\nu (s)$


${\bf {Q}}_j$


$\lambda _j$


$\mathbf {\Lambda }$


\begin {equation}\label {eq:block_second_order} \boldsymbol \Lambda = \mathrm {diag}(\boldsymbol {\lambda }_1, \dots , \boldsymbol {\lambda }_n), \quad \boldsymbol {\lambda }_j \in \mathbb {R}^{2 \times 2},\qquad \boldsymbol {\lambda }_j = \begin {bmatrix} 0 & 1 \\ -\omega _j^2 & -2 \zeta _j \omega _j \end {bmatrix},\quad \omega _1<\dots < \omega _n.\end {equation}


$\bf {P}$


$\bf {B}$


\begin {equation}\int _{0}^{\delta t} \begin {bmatrix} {\bf {U}} & {\bf {0}} \\ {\bf {0}} & {\bf {U}} \end {bmatrix} {\bf {S}}^{\mathrm {T}}e^{\mathbf {-\Lambda }s} {\bf {S}} \begin {bmatrix} {\bf {0}}& {\bf {1}} \\ {\bf {1}} & -{\bf {U}}^\mathrm {T}{\bf {C}}{\bf {U}} \end {bmatrix} \begin {bmatrix} {\bf {U}}^\mathrm {T} & {\bf {0}} \\ {\bf {0}} & {\bf {U}}^\mathrm {T} \end {bmatrix} \boldsymbol {\Phi }_\nu (s+t) ds, \label {Xeqn40-46}\end {equation}


\begin {equation}\int _{0}^{\delta t} \begin {bmatrix} {\bf {U}} & {\bf {0}} \\ {\bf {0}} & {\bf {U}} \end {bmatrix} {\bf {S}}^{\mathrm {T}}e^{\mathbf {-\Lambda }s} {\bf {S}} \begin {pmatrix} {\bf {0}} \\{\bf {U}}^\mathrm {T} \boldsymbol {\phi }_\nu (s+t) \end {pmatrix} ds. \label {Xeqn41-47}\end {equation}


\begin {equation}\begin {bmatrix} {\bf {U}} & {\bf {0}} \\ {\bf {0}} & {\bf {U}} \end {bmatrix} {\bf {S}}^{\mathrm {T}} \cdot {\bf {L}}(t,\delta t), \label {Xeqn42-48}\end {equation}


${\bf {L}}(t,\delta t) \in \mathbb {R}^{2n}$


\begin {equation}\label {eq:sd_L_int} {\bf {L}}_j(t,\delta t) = \int _{0}^{\delta t} e^{-\boldsymbol {\lambda }_js} \begin {pmatrix}\boldsymbol {0} \\ {[}{\bf {U}}^\top \boldsymbol \phi _\nu (s+t)]_j\end {pmatrix} ds,\quad j =1,\dots , n .\end {equation}


\begin {equation}\label {eq:second_order_integral} {\bf {L}}_j(t,\delta t)= {\bf {Q}}_j(\delta t ) \begin {pmatrix} {[}{\bf {U}}^\top \boldsymbol \phi _\nu (t)]_j\\ {[}{\bf {U}}^\top \boldsymbol \phi _\nu (t+\delta t)]_j \end {pmatrix}.\end {equation}


${\bf {Q}}_j(\delta t) \in \mathbb {R}^{2 \times 2}$


\begin {align}\label {eq:sd_q} {\bf {Q}}_j(\delta t ) = \begin {cases} {\bf {Q}}^u_j (\delta t ), \quad \zeta _j < 1 \quad (\text {underdamped}) \\ {\bf {Q}}^c_j(\delta t ), \quad \zeta _j = 1 \quad (\text {critically damped})\\ {\bf {Q}}^o_j (\delta t ), \quad \zeta _j > 1 \quad (\text {overdamped}) \end {cases}.\end {align}


${\bf {Q}}_j(\delta t)$


$\bf {V}$


$\bf {U}$


$m$


${\bf {V}}_{\mathrm {trunc}} \in \mathbb {C}^{2n \times m}$


${\bf {U}}_{\mathrm {trunc}} \in \mathbb {R}^{n \times m}$


\begin {equation}\label {eq:formulas} {\bf {Q}}_j^\mathrm {T}(\delta t ) \begin {pmatrix} \left [{\bf {V}}_{\mathrm {trunc}}^* \boldsymbol {\Phi }_\nu (t) \right ]_{j} \\ \left [{\bf {V}}_{\mathrm {trunc}}^* \boldsymbol {\Phi }_\nu (t+\delta t) \right ]_{j} \end {pmatrix}, \quad j \in \{i_1,\dots i_m\},\end {equation}


\begin {equation}\label {eq:formulas} {\bf {Q}}_j(\delta t ) \begin {pmatrix} [{\bf {U}}_{\mathrm {trunc}}^\mathrm {T}\boldsymbol \phi _\nu (t)]_j\\ {[}{\bf {U}}_{\mathrm {trunc}}^\mathrm {T} \boldsymbol \phi _\nu (t+\delta t)]_j \end {pmatrix}, \quad \quad j \in \{i_1,\dots i_m\}.\end {equation}


$\{i_1,\dots i_m\}$


$m$


\begin {equation}\label {eq:mode_crit} e^{\delta t \mathrm {Re\lambda _j}} > \epsilon ,\end {equation}


$\epsilon >0$


$\epsilon =10^{-3}$


$e^{\delta t\mathrm {Re\lambda _j}}$


${\bf {Q}}_j(\delta t)$


$m$


${\bf {z}}^j$


\begin {equation}\label {eq:pade} {\bf {z}}^{*j}(t) \approx \boldsymbol {z}^j = [{\bf {z}}^{*j}(t_1), \dots , {\bf {z}}^{*j}(t_p)] = \text {Pad\'{e}}[L,M] \overset {\mathrm {def.}}{=} \frac {\sum _{\nu = 1}^{\nu = L} \boldsymbol {a}^j_\nu }{1 + \sum _{\nu = 1}^{\nu = M} b^j_\nu } + o(\Delta ^{L+M}),\end {equation}


$\boldsymbol {z}^j,\boldsymbol {a}^j_\nu \in \mathbb {R}^{p} \text { and } b^j_\nu \in \mathbb {R}$


$p$


$\boldsymbol {a}^j_\nu $


$b^j_\nu $


$N = L +M$


\begin {equation}\label {eq:taylor} \boldsymbol z^j = \sum _{\nu = 1}^{N = L+M} \boldsymbol z^j_{\nu } + o(\Delta ^N).\end {equation}


$o(\Delta ^{L+1})$


$b^j$


\begin {align}\label {eq:lin_pade} \begin {pmatrix} \boldsymbol {z}^j_L & \cdots & \boldsymbol {z}^j_{L-M+1} \\ \boldsymbol {z}^j_{L+1} & \cdots & \boldsymbol {z}^j_{L-M+2} \\ \vdots & \vdots & \vdots \\ \boldsymbol {z}^j_{L+M-1} & \cdots & \boldsymbol {z}^j_L \end {pmatrix} \begin {pmatrix} b^j_1 \\ \vdots \\ b^j_M \end {pmatrix}=-\begin {pmatrix} \boldsymbol {z}^j_{L+1} \\ \vdots \\ \boldsymbol {z}^j_{L+M}. \end {pmatrix}.\end {align}


$p>>L+M$


$b^j$


$b^j$


$\boldsymbol {a}^j$


\begin {align}\boldsymbol {a}^j_1 &= \boldsymbol {z}^j_1, \\ \boldsymbol {a}^j_\nu &= \boldsymbol {z}^j_{\nu } + \sum _{\mu = 1}^{\nu -1} b^j_{\mu } \boldsymbol {z}^j_{\nu -\mu }, \quad \quad 1<\nu \leq L.\end {align}


$o(\Delta ^{L})$


${\bf {z}}^*(t)$


$L=M$


$M \to \infty $


$L=M$


$M$


$N$


$T_p$


$\delta t$


$\epsilon $


$O(N)$


$C_{1,\dots ,4}$


\begin {equation}\|{\bf {z}}^{*}_{\mathrm {true}}(t) - {\bf {z}}^{*}_{\mathrm {approximation}}(t)\| \leq C_1 \Delta ^{N+1} + C_2\, \delta t + C_3\, \epsilon + C_4\, e^{-T_p \delta t |\mathrm {Re}\,\lambda _{1}|}. \label {Xeqn50-60}\end {equation}


$\delta t$


$T_p$


$O(1)$


$\delta t$


$\delta t$


$T_p$


$T_p \delta t |\mathrm {Re}\,\lambda _{1}| \geq 100$


$N$


$\Delta $


$O(N)$


$N$


$O(N)$


$\Delta $


$\epsilon $


$\delta t$


$\epsilon = 10^{-3}$


$\delta t$


$\Delta $


$N$


$N$


$O(2N)$


$\textrm {Pad\'e}[N,N]$


$\bf {g}$


$O(\mathrm {N})$


$O(\mathrm {N})$


$\text {Pad\'e}[\mathrm {N},\mathrm {N}]$


$O(2\mathrm {N})$


$v$


$\rho = 7680 \text { } [\mathrm {kg/m^3}]$


$E = 30 \times 10^{9} \text { } [\mathrm {Pa}]$


$\nu = 30 \times 10^{5} \text { } [\mathrm {Pa}]$


$l = 1 \text { } [\mathrm {m}]$


$A = 1.2 \times 10^{-3} \text { } [\mathrm {m^2}]$


$v = 43.82 \text { [m/s]}$


$n =10$


\begin {equation}w(x,t) = \sum _{j=1}^{n} \sin (\pi jx){\bf {u}}_j(t), \label {Xeqn51-61}\end {equation}


${\bf {u}}_j$


\begin {equation}\label {eq:chirp_sig} \Omega (t) = \sin (2\pi (t^2/2+\omega t)),\end {equation}


$\omega \approx 3.2 \text { } [\mathrm {Hz}]$


$\omega $


$10 \text { [s}]$


$\Delta $


$0.63 \text { [N]}$


$r_w = 0.49$


$600$


$O(\mathrm {10})$


$t<0$


$O(1)$


$O(10)$


$u_1(t)$


$O(1)$


$O(10)$


$t \approx 4.99 \text { [s]}$


$t = 7.80 \text { [s]}$


$O(1)$


$u_1$


$t=4.99 \text { [s]}$


$t=7.80 \text { [s]}$


$O(10)$


$n = 20$


$\sigma = 1.54$


$0.1 \text { } [\mathrm {kg}]$


$100 \text { [N/m]}$


$2,500 [\text { N/m$^3$}]$


$0.1 \text { [Ns/m]}$


$\sigma = 1.54$


$0$


$7.5 \text { [Hz]}$


$\Delta = 7.12 \text { [N]}$


$r_w = 0.5$


$9$


$50\,\%$


$O(10)$


$O(10)$


$O(10)$


$O(10)$


$\sigma = 1.8$


$O(10)$


$t = 80 \text { }\mathrm {[s]}$


$16$


$\sigma =1.8$


$40 \text { [Hz]}$


$O(10)$


$x_1$


$O(5)$


$O(11)$


$t=10.34 \text { }[\mathrm {s}]$


$x_{10}$


$\dot {x}_{10}$


$x_{11}$


$t=33.68 \text { }[\mathrm {s}]$


$t=50.34 \text { }[\mathrm {s}]$


$x_{1}$


$\dot {x}_{1}$


$x_{20}$


$a_x$


$a_z$


$7850 \text { [kg/m$^3$]}$


$0.01 \text { [m]}$


$0.05 \text { [m]}$


$2 \text { [m]}$


$190\times 10^9 \text { [Pa]}$


$0.3$


$10^7 \text { [Ns/m]}$


$z$


$x$


$\alpha $


$r_w = 0.17$


$O(5)$


$O(5)$


$O(5)$


$O(5)$


$1.5$


$O(5)$


$2700 \text { [kg/m$^3$]}$


$0.001 \text { [m]}$


$0.05 \text { [m]}$


$1 \text { [m]}$


$70 \times 10^9 \text { [Pa]}$


$0.3$


$10^8 \text { [Ns/m]}$


$O(7)$


$\Delta = 0.0081 \text { [N]}$


$r_w = 2.32$


$6\mathrm {D}$


$O(20)$


$\text {Pad\'e}[10,10]$


$t \approx 64 \text { }\mathrm {[s]}$


$x$


$L = 1 \text { [m]}$


$H = 0.5 \text { [m]}$


$x,y$


$z$


$\alpha , \beta , \text { and } \gamma $


$2700 \text { [kg/m$^3$]}$


$0.01 \text { [m]}$


$70 \times 10^9 \text { [Pa]}$


$0.33$


$10^{10} \text { [Ns/m]}$


$R = 0.01 \text { [m]}$


$\left (\frac {L}{2},\frac {H}{2}\right )$


$\left (\frac {3L}{4},\frac {H}{4}\right )$


\begin {equation}g(t) = \sin (\Omega _1 t) + \sin (\Omega _2t), \label {Xeqn53-63}\end {equation}


\begin {align}\label {eq:rossler} \dot {x} &= -y - z, \\ \nonumber \dot {y} &= x + a y, \\ \nonumber \dot {z} &= b + z(x - c), \\ \nonumber g(t) &= x(t)/|x|,\end {align}


$a=0.2$


$b=0.2$


$c=5.7$


$\Delta = 810.30 \text { [N]}$


$r_w = 1.25$


$\Delta = 1622.01 \text { [N]}$


$r_w = 1.47$


$T_p = 100$


$\delta t = 10^{-4}$


$e^{\delta t\mathrm {Re}\lambda _j}$


$j^{th}$


$O(1)$


$O(4)$


$\Omega _1 = \omega _1$


$\Omega _2 = \pi \omega _1$


$\delta t = 10^{-3}$


$O(4)$


$\Omega _1 = \omega _1$


$\Omega _2 =\pi \omega _1$


$\omega _1$


$\Omega _1 = \omega _1$


$\Omega _2 = \omega _2$


$\Omega _1 = \omega _1$


$\Omega _2 = 3\omega _1$


$\Omega _2 = \omega _2$


$\omega _2$


$\Omega _2 = 3\omega _1$


$O(6)$


$m$


$200021\_214908$


$\delta $


$B_{\delta } \subset V$


${\bf {z}} = 0$


$t \in \mathbb {R}$


${\bf {z}}^*(t)$


$B_{\delta }$


$C^0$


$B_{\delta }$


\begin {equation}C_{\delta }[\mathbb {R}]:=\{ {\bf {z}}:\mathbb {R} \to \mathbb {R}^{2n} |\quad \|{\bf {z}}(t)\| \leq \delta \}. \label {Xeqn55-A.3}\end {equation}


${\bf {z}}(t) \in C_{\delta }$


${\bf {F}}({\bf {z}}(t)) + {\bf {G}}({\bf {z}}(t),t)$


${\bf {B}}\dot {{\bf {z}}} = {\bf {A}}{\bf {z}}$


$\bf {V}$


${\bf {z}}_0$


\begin {equation}\label {eq:integral_equation_1} {\bf {z}}(t) = \lim _{{t_0 \to -\infty }} {\bf {V}}e^{\mathbf {\Lambda }(t-t_0)}{\bf {V}}^* {\bf {z}}_0 + \int _{-\infty }^{t} {\bf {V}}e^{\mathbf {\Lambda }(t-s)}{\bf {V}}^* \left [{\bf {F}}({\bf {z}}(s)) + {\bf {G}}({\bf {z}}(s),s) \right ] ds.\end {equation}


$\text {Re[Spec}(\mathbf {\Lambda })] < 0$


\begin {equation}\label {eq:integral_equations_GSS} {\bf {z}}(t) = \int _{-\infty }^{t} {\bf {V}}e^{\mathbf {\Lambda }(t-s)}{\bf {V}}^* \left [{\bf {F}}({\bf {z}}(s)) + {\bf {G}}({\bf {z}}(s),s) \right ] ds.\end {equation}


\begin {equation}\label {eq:picard_map} {\bf {z}}_{l+1}(t) = \mathcal {G}_P({\bf {z}}_l)= \int _{-\infty }^{t} {\bf {V}}e^{\mathbf {\Lambda }(t-s)}{\bf {V}}^* \left [{\bf {F}}({\bf {z}}_l(s)) + {\bf {G}}({\bf {z}}_l(s),s) \right ] ds,\end {equation}


$C_\delta $


$\mathcal {G}_P$


$C_\delta $


$\mathcal {G}_P$


$\mathcal {G}_p$


$B_\delta $


$B_\delta $


${\bf {z}}(t), \text { } \tilde {{\bf {z}}}(t) \in C_\delta $


\begin {equation}\mathcal {G}_p(\mathbf {\tilde z}(t)) = \mathcal {G}_p({\bf {z}}(t)) + \int _{-\infty }^t {\bf {V}} e^{\boldsymbol \Lambda (t-s)} {\bf {V}}^* \left [{\bf {F}}(\mathbf {\tilde z}(s)) -{\bf {F}}(\mathbf { z}(s)) + {\bf {G}}(\mathbf {\tilde z}(s),s) - {\bf {G}}({\bf {z}}(s),s) \right ] ds. \label {Xeqn59-A.7}\end {equation}


\begin {align*}\|\mathcal {G}_p(\mathbf {\tilde z}(t))\| \leq \|\mathcal {G}_p({\bf {z}}(t))\| + \Bigg \|\int _{-\infty }^t {\bf {V}} e^{\boldsymbol \Lambda (t-s)} {\bf {V}}^* \Big [{\bf {F}}(\mathbf {\tilde z}(s)) -&{\bf {F}}(\mathbf { z}(s))+ {\bf {G}}(\mathbf {\tilde z}(s),s) - {\bf {G}}({\bf {z}}(s),s) \Big ] ds \Bigg \|,\end {align*}


\begin {align*}\|\mathcal {G}_p(\mathbf {\tilde z}(t))\| \leq \|\mathcal {G}_p({\bf {z}}(t))\| + \|{\bf {V}}\|\|{\bf {V}}^*\| \text {sup}_t \Bigg (\int _{-\infty }^t |e^{\boldsymbol \Lambda (t-s)} | \Big [ |{\bf {F}}(\mathbf {\tilde z}(s)) -&{\bf {F}}(\mathbf { z}(s))| \quad + |{\bf {G}}(\mathbf {\tilde z}(s),s) - {\bf {G}}({\bf {z}}(s),s)| \Big ] ds ]\Bigg ) ,\end {align*}


\begin {equation}\|\mathcal {G}_p(\mathbf {\tilde z}(t))\| \leq \|\mathcal {G}_p({\bf {z}}(t))\| + \|{\bf {V}}\|\|{\bf {V}}^*\| \mathrm {sup}_t\left ( \int _{-\infty }^t |e^{\boldsymbol \Lambda (t-s)} | \left [ L^F_{\delta } |{\bf {z}}(s)-\mathbf {\tilde z}(s)| + L^G_{\delta } |{\bf {z}}(s)-\mathbf {\tilde z}(s)| \right ] ds \right ) .\nonumber \end {equation}


$C_\delta $


$|{\bf {z}}(s)-\mathbf {\tilde z}(s)|\leq \|{\bf {z}}(s)-\mathbf {\tilde z}(s)\|\leq 2 \delta $


\begin {equation}\label {eq:main_inequality} \|\mathcal {G}_p(\mathbf {\tilde z}(t))\| \leq \|\mathcal {G}_p({\bf {z}}(t))\| + \|{\bf {V}}|\|{\bf {V}}^*\| 2 \delta (L^F_{\delta } + L^G_{\delta }) \text {sup}_t\left (\int _{-\infty }^t |e^{\boldsymbol \Lambda (t-s)} | ds \right ).\end {equation}


\begin {equation}\|\mathcal {G}_p(\mathbf { z}(t))\| \leq \|{\bf {V}}\| \|{\bf {V}}^*\| \Gamma (\mathbf {\Lambda }) \Big ( \Delta + \|{\bf {F}}({\bf {z}}(s))\| \Big ) , \nonumber \end {equation}


\begin {equation}\Gamma (\mathbf {\Lambda }) = \text {sup}_t\left (\int _{-\infty }^t |e^{\boldsymbol \Lambda (t-s)} | ds \right ) = \mathop {\text {max}}_{1\leq j \leq n} \left [\frac {1}{|\mathrm {Re}[\lambda _j]|}\right ] . \nonumber \end {equation}


\begin {equation}\|\mathcal {G}_p(\mathbf {\tilde z}(t))\| \leq \|{\bf {V}}\| \|{\bf {V}}^*\| \Gamma (\mathbf {\Lambda }) \Big ( \Delta + \|{\bf {F}}({\bf {z}}(s))\| \Big ) + \|{\bf {V}}|\|{\bf {V}}^*\| 2 \delta (L^F_{\delta } + L^G_{\delta }) \Gamma (\mathbf {\Lambda }), \label {Xeqn64-A.9}\end {equation}


$\|\mathcal {G}_p(\mathbf {\tilde z}(t))\| \leq \delta $


$\mathcal {G}_p : C_\delta \to C_{\delta }$


\begin {equation}\|\mathcal {G}_p({\bf {z}}(s))-\mathcal {G}_p(\mathbf {\tilde z }(s))\| \leq \|{\bf {V}}|\|{\bf {V}}^*\| (L^F_{\delta } + L^G_{\delta }) \text {sup}_t\left (\int _{-\infty }^t |e^{\boldsymbol \Lambda (t-s)} | |{\bf {z}}(s)-\mathbf {\tilde z}(s)| ds \right ), \nonumber \end {equation}


\begin {equation}\label {eq:final-ineq} \|\mathcal {G}_p({\bf {z}}(s))-\mathcal {G}_p(\mathbf {\tilde z }(s))\| \leq \|{\bf {V}}|\|{\bf {V}}^*\| (L^F_{\delta } + L^G_{\delta }) \text {sup}_t\left (\int _{-\infty }^t |e^{\boldsymbol \Lambda (t-s)} | ds \right ) \|{\bf {z}}(s)-\mathbf {\tilde z}(s)\|. \nonumber \end {equation}


\begin {equation}\|\mathcal {G}_p({\bf {z}}(s))-\mathcal {G}_p(\mathbf {\tilde z }(s))\| \leq a \|{\bf {z}}(s)-\mathbf {\tilde z}(s)\|, \label {Xeqn67-A.10}\end {equation}


$a < 1$


$\Gamma (\Lambda ) \equiv \frac {1}{\kappa }$


$\kappa $


$\|{\bf {V}}\|\|{\bf {V}}^*\| \equiv K$


$4(L^F_{\delta }+L^G_{\delta })K \leq \kappa $


\begin {align}\Delta \leq \delta \left ( \frac {\kappa }{K} - 2\frac {\kappa }{4K}\right ) - \|{\bf {F}}({\bf {z}})\|, \quad 2\frac {K}{\kappa } (L^F_\delta + L^F_\delta ) \leq a <1.\end {align}


$a=0.25$


\begin {equation}\label {eq:Estimate_convg} \Gamma (\mathbf {\Lambda }) = \mathop {\text {max}}_{1\leq j \leq n} \left [\frac {1}{|\mathrm {Re}[\lambda _j]|}\right ]\end {equation}


$\Delta $


$\delta $


$\Delta $


\begin {equation}\left [\sum _{q=1}^{\nu }\left (\sum _{j=1}^{q} {\bf {z}}_{({l}_j)}(s) \right )^{\boldsymbol {\gamma } }\right ]_{O(\Delta ^{\nu })} = \left [\sum _{q=1}^{\nu } \prod _{i=1}^{2n} \left ( \sum _{j=1}^q {\bf {z}}_{({l}_j)}^i(s)\right )^{\boldsymbol {\gamma }_i}\right ]_{O(\Delta ^{\nu })}. \label {Xeqn72-B.1}\end {equation}


\begin {equation}\left [\sum _{q=1}^{\nu } \prod _{i=1}^{2n} \left ( \sum _{j=1}^q {\bf {z}}_{({l}_j)}^i(s)\right )^{\boldsymbol {\gamma }_i}\right ]_{O(\Delta ^{\nu })} = \left [\sum _{q=1}^{\nu } \prod _{i=1}^{2n} \left (\sum _{\boldsymbol {\gamma }_i = \sum _{j=1}^q {\bf {k}}_{ji}} \boldsymbol {\gamma }_i! \prod _{j=1}^q \frac {\left ({\bf {z}}_{({l}_j)}^i (s)\right )^{{\bf {k}}_{ji}}}{{\bf {k}}_{ji}!} \right ) \right ]_{\sum _{j=1}^q\sum _{i=1}^{2n} {\bf {k}}_{ji}l_j = \nu }. \label {Xeqn73-B.2}\end {equation}


$\boldsymbol {\gamma }_i!$


$l_j$


${\bf {Q}}_j(\delta t)$


$\boldsymbol {\lambda }_j$


\begin {equation}\label {eq:diag_lambda} \boldsymbol {\lambda }_j = \frac {1}{-2\omega _j \sqrt {\zeta ^2_j-1}}\begin {pmatrix} 1 & 1 \\ \lambda _+ & \lambda _- \end {pmatrix}\begin {pmatrix} \lambda _+ & 0 \\0 & \lambda _-\end {pmatrix} \begin {pmatrix} \lambda _- & -1 \\ \lambda _+ & 1 \end {pmatrix},\end {equation}


\begin {equation}\lambda _{\pm } = \left (-\zeta _j \pm \sqrt {\zeta _j^2-1}\right )\omega _j. \label {Xeqn75-C.2}\end {equation}


\begin {equation}\label {eq:integral} e^{-\boldsymbol {\lambda }_j s} = \frac {1}{-2\omega _j \sqrt {\zeta ^2_j-1}}\begin {pmatrix} 1 & 1 \\ \lambda _+ & \lambda _- \end {pmatrix}\begin {pmatrix} e^{-\lambda _+s} & 0 \\0 & e^{-\lambda _-s} \end {pmatrix} \begin {pmatrix} \lambda _- & -1 \\ \lambda _+ & 1 \end {pmatrix}.\end {equation}


$[\boldsymbol \phi (s+t)]_j$


$[0,\delta t ]$


\begin {equation}\label {eq:second_integrals} \frac {1}{-2 \omega _j \sqrt {\zeta _j^2 - 1}} \begin {pmatrix} \alpha \int _{0}^{\delta t} \left ( e^{-\lambda _- s} - e^{-\lambda _+ s} \right ) ds + \frac {\beta - \alpha }{\delta t} \int _{0}^{\delta t} s \left ( e^{-\lambda _- s} - e^{-\lambda _+ s} \right ) ds \\ \alpha \int _{0}^{\delta t} \left ( -\lambda _+ e^{-\lambda _+ s} + \lambda _- e^{-\lambda _- s} \right ) ds + \frac {\beta - \alpha }{\delta t} \int _{0}^{\delta t} s \left ( -\lambda _+ e^{-\lambda _+ s} + \lambda _- e^{-\lambda _- s} \right ) ds \end {pmatrix},\end {equation}


$\alpha $


$\beta $


\begin {equation}\alpha = [{\bf {U}}^\top \boldsymbol {\phi }(t)]_j, \quad \beta = [{\bf {U}}^\top \boldsymbol {\phi }(t + \delta t)]_j. \label {Xeqn78-C.5}\end {equation}


\begin {equation}\int _{0}^{\delta t} e^{-\lambda s} ds = \frac {1 - e^{-\lambda \delta t}}{\lambda }, \label {Xeqn79-C.6}\end {equation}


\begin {equation}\begin {aligned} \int _0^{\delta t} s e^{-\lambda s} ds = \left [-\frac {s}{\lambda } e^{-\lambda s} - \frac {1}{\lambda ^2} e^{-\lambda s} \right ]_0^{\delta t}. \end {aligned} \label {Xeqn80-C.7}\end {equation}


$\zeta _j \neq 1$


$\zeta _j >0$


${\bf {Q}}^{u}_j(\delta t)$


${\bf {Q}}^{d}_j(\delta t)$


\begin {equation}{\bf {Q}}^u_j(\delta t) = {\bf {Q}}^d_j(\delta t) = \frac {1}{-2 \omega _j \sqrt {\zeta _j^2 - 1}} \begin {bmatrix} q_{11} & q_{12} \\ q_{21} & q_{22} \end {bmatrix}, \label {Xeqn81-C.8}\end {equation}


\begin {align}\nonumber q_{11} &= \frac {1 - e^{-\lambda _- \delta t}}{\lambda _-} - \frac {1 - e^{-\lambda _+ \delta t}}{\lambda _+} - \frac {1}{\delta t} \left [ \left ( -\frac {\delta t}{\lambda _-} e^{-\lambda _- \delta t} - \frac {1}{\lambda _-^2} e^{-\lambda _- \delta t} + \frac {1}{\lambda _-^2} \right ) - \left ( -\frac {\delta t}{\lambda _+} e^{-\lambda _+ \delta t} - \frac {1}{\lambda _+^2} e^{-\lambda _+ \delta t} + \frac {1}{\lambda _+^2} \right ) \right ], \\ \nonumber q_{12} &= \frac {1}{\delta t} \left [ \left ( -\frac {\delta t}{\lambda _-} e^{-\lambda _- \delta t} - \frac {1}{\lambda _-^2} e^{-\lambda _- \delta t} + \frac {1}{\lambda _-^2} \right ) - \left ( -\frac {\delta t}{\lambda _+} e^{-\lambda _+ \delta t} - \frac {1}{\lambda _+^2} e^{-\lambda _+ \delta t} + \frac {1}{\lambda _+^2} \right ) \right ], \\ \nonumber q_{21} &= e^{-\lambda _+ \delta t} - e^{-\lambda _- \delta t} - \frac {1}{\delta t} \left [ \left ( \delta t e^{-\lambda _+ \delta t} + \frac {1}{\lambda _+} e^{-\lambda _+ \delta t} - \frac {1}{\lambda _+} \right ) - \left ( -\delta t e^{-\lambda _- \delta t} - \frac {1}{\lambda _-} e^{-\lambda _- \delta t} + \frac {1}{\lambda _-} \right ) \right ], \\ \nonumber q_{22} &= \frac {1}{\delta t} \left [ \left ( \delta t e^{-\lambda _+ \delta t} + \frac {1}{\lambda _+} e^{-\lambda _+ \delta t} - \frac {1}{\lambda _+} \right ) - \left ( -\delta t e^{-\lambda _- \delta t} - \frac {1}{\lambda _-} e^{-\lambda _- \delta t} + \frac {1}{\lambda _-} \right ) \right ].\end {align}


$\zeta _j =1$


$\text {lim}_{\zeta _j \to 1}{\bf {Q}}^{u}_j(\delta t)$


${\bf {Q}}^{c}_j(\delta t)$


\begin {equation}{\bf {Q}}^c_j(\delta t) = \begin {bmatrix} q_{11} & q_{12} \\ q_{21} & q_{22} \end {bmatrix}, \label {Xeqn82-C.9}\end {equation}


\begin {align}\nonumber q_{11} &= \frac {1}{\omega _j^2} \left ( 1 - e^{-\omega _j \delta t} \left ( 1 + \omega _j \delta t \right ) \right ), & \nonumber q_{12} &= \frac {1}{\omega _j^2} e^{-\omega _j \delta t} \left ( \omega _j \delta t - 1 + e^{\omega _j \delta t} \right ), \\ \nonumber q_{21} &= \frac {1}{\omega _j} e^{-\omega _j \delta t} \left ( -1 + e^{\omega _j \delta t} - \omega _j \delta t \right ), & \nonumber q_{22} &= \frac {1}{\omega _j} e^{-\omega _j \delta t} \left ( 1 + \omega _j \delta t - e^{\omega _j \delta t} \right ).\end {align}


$15$


$O(1)$


$O(5)$


$O(10)$


$O(15)$


$O(1)$


$O(5)$


$O(10)$


$O(15)$


$O(10)$


$O(15)$


$O(5)$


$q$


$\boldsymbol {\Omega } \in \mathbb {T}^q$


\begin {equation}\boldsymbol {\Phi }(t) = \sum _{{\bf {k}}\in \mathbb {Z}^{q}} {\bf {g}}_k e^{i\langle {\bf {k}},\Omega \rangle t}. \label {Xeqn83-E.1}\end {equation}


\begin {equation}\label {eq:qp_result} {\bf {L}}_j(t, \delta t) = \sum _{{\bf {k}} \in \mathbb {Z}^q} [{\bf {V}}^{\mathrm {T}} {\bf {g}}_{{\bf {k}}}]_j e^{i \langle {\bf {k}}, \boldsymbol {\Omega } \rangle t} \left ( \frac {e^{(-\lambda _j + i \langle {\bf {k}}, \boldsymbol {\Omega } \rangle ) \delta t} - 1}{-\lambda _j + i \langle {\bf {k}}, \boldsymbol {\Omega } \rangle } \right ).\end {equation}
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examples of short-lived transient forcing with ill-defined temporal statistics are thermal fluctuations of large space structures (see
Pedivellano and Pellegrino [7]), abrupt interruptions of wind turbines during extreme wind events (see Jiang et al. [8]), and random
gust loads on aeroelastic panels (see Bouillaut et al. [9]).

Direct numerical integration is routinely used to probe and estimate aperiodic steady states (see Newmark [10], Hilber et al. [11]
and Felippa and Park [12] for a review). Such approaches, however, do not address the number of such steady states, the optimal
initial condition required to locate them, and the transients to be removed. Moreover, structural engineering systems are generally
high-dimensional and nonlinear, resulting in computationally intensive time-integrations (see Avery et al. [13], Jain et al. [14]).

Shooting and collocation methods for periodic steady states address some of the above limitations of direct numerical integration,
particularly those arising from sensitivity to initial conditions and the elimination of transients (see Keller [15], Diekhoff et al. [16] and
Dankowicz and Schilder [17]). However, they remain computationally expensive for multi-degree-of-freedom systems (see Renson
et al. [18] for a review). In contrast, the harmonic balance method assumes that a periodic steady state can be represented by a formal
Fourier expansion, where the Fourier coefficients satisfy a nonlinear algebraic system of equations (see Kryloff and Bogoliuboff [19]).
Similar balancing approaches have been extended to quasi-periodic forcing (see Chua and Ushida[20] and Lau et al. [21]), and this
methodology has been automated in the NLvib software toolbox (see Krack and Gross [22]).

All the above-discussed numerical approaches to computing periodic or quasi-periodic steady states assume the existence of such
states, with all other solutions converging to them. While the assumption is trivially satisfied for damped linear systems, the same
condition does not automatically extend to nonlinear dynamical systems. For second-order nonlinear dynamical systems with linear
damping, the existence of periodic steady states has been established by Rouche and Mawhin [23]. Their ideas have been extended in
Breunung and Haller [24] to provide sufficient conditions on the existence of periodic forced response in general nonlinear mechanical
systems. Breunung [25] has recently extended these results to cover quasi-periodic steady states.

On the computational side, Jain et al. [14] and Buza et al. [26] have derived numerical techniques grounded in existence proofs
based on the Banach fixed-point theorem. These techniques yield an iterative algorithm, SSRTool (see Jain et al. [27]), that computes
periodic and quasi-periodic steady states by solving nonlinear integral equations. However, these rigorous numerical approaches also
become challenging to apply when the system dimension is large, or the unforced linear operator of the full model is unknown, as
SSRTool relies on exponential kernels associated with that operator.

In contrast, reducing a high-dimensional dynamical system onto a robust, low-dimensional invariant manifold (see Guckenheimer
and Holmes [28] and Shaw and Pierre [29]) and seeking steady state solutions on such manifolds overcomes these challenges. Spectral
submanifolds (SSMs), defined first by Haller and Ponsioen [30], are generalizations of the invariant manifolds first appearing in Shaw
and Pierre [29]. Specifically, slow SSMs are normally hyperbolic invariant manifolds that capture the dominant dynamics of the
system, and hence their internal dynamics represent a mathematically justified reduced-order model (see Haller [31] for further
details).

SSMTool, an open-source numerical toolkit, automates the computation of SSMs and the computation of periodic forced response
curves (FRCs) directly from the equations of motion of high-dimensional dynamical systems (see Jain et al. [32]). Another open-source
toolkit, SSMLearn, extracts slow SSMs from experimental or numerical data and predicts FRCs under arbitrary periodic forcing (see
Cenedese et al. [33]). Recent work by Kaszas and Haller [34], have enlarged the domain of validity of SSM-reduction in both equation-
and data- driven settings via the use of Padé approximations instead of Taylor expansions. This extension offers predictive power
under large amplitude periodic forcing as well.

For truly aperiodic forcing, however, no comparable rigorous results or automated toolboxes have been available to date. As a
broadly used operational approach, proper orthogonal decomposition (POD) has been employed to approximate aperiodically forced
response in known governing equations (see Lumley [35] and Sirovich [36]). In this setting, POD modes are first computed from
forced response data, followed by a projection of the known evolution equations onto the POD modes. This approach is therefore
fully equation-driven, and the computed POD modes depend on the forcing realization used. Space-time and spectral POD methods
(see Towne et al. [37]) circumvent this issue by computing modes in the frequency domain, producing modes that are independent
of the specific forcing realization. However, these approaches are justified only when the applied forcing is statistically stationary.

Data-driven approaches for modeling non-autonomous dynamical systems extend dynamic mode decomposition (DMD) (see
Schmid [38]) by fitting correction terms deviating from the DMD analysis (see Kutz et al.[39]) or by fitting a linear dynamical
system in the extended phase space by including temporal information as an additional observable (see Mezic and Surana[40]). Both
approaches implicitly assume that the non-autonomous system evolves linearly and are therefore not justified for use in the presence
of nonlinearities.

Alternatively, several data-driven methods focus on using autoregressive neural networks to fit temporally aperiodic dynamic data.
Notably, Champneys et al. [41] provides a thorough comparison of various recurrent neural network methods applied to benchmark
experimental datasets, and Schar et al. [42] uses nonlinear autoregressive functions to model aperiodically excited civil engineering
structures. The primary difficulty in fitting general-purpose autoregressive neural networks lies in the unclear roles played by their
parameters and hyperparameters. Even if these issues are resolved, achieving reasonable predictive power still demands training
on vast datasets that thoroughly explore the phase space of the underlying temporally aperiodic dynamical system. However, even
vast amounts of data offer no guarantees of success, as there exist no theoretical results supporting a convergence to a robust neural
network model.

To improve black-box neural network models for randomly forced dynamical systems, Worden and Green [43] fit a static Gaus-
sian neural network to positional data to infer nonlinear normal modes of the unforced system. This approach assumes that the
unforced nonlinear normal modes persist unchanged under random forcing but offers no predictive reduced dynamical model to pre-
dict a general forced response. Simpson et al. [44] overcome this limitation by employing a long-short-term memory (LSTM) neural
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network to model dynamics in a reduced modal space and an autoencoder mapping that links the reduced space to the phase space.
The optimization employed, however, does not guarantee that the resulting reduced model remains predictive under other forcing
realizations.

All approaches discussed so far ultimately aim to predict aperiodic forced responses and implicitly assume the existence of an
aperiodic steady state. Theoretical guarantees for such steady states have long existed. For linear systems with external additive
forcing, Burd [45] derives a closed-form integral expression for the unique aperiodic steady state under arbitrarily large forcing,
provided the unforced system has a hyperbolic fixed point. For nonlinear systems, Palmer [46] establishes existence and uniqueness
for small forcing under similar hyperbolicity conditions. Recently, Haller and Kaundinya[47] have built on these classic results
and extended spectral submanifold (SSM) theory to moderate, uniformly bounded temporally aperiodic forcing. They show that
the dominant dynamics lie on an SSM anchored to a unique generalized steady state (GSS), for which they also derive asymptotic
equations.

Building on the latter results, we develop here an automated methodology to predict nonlinear forced response under aperiodic
external forcing. We illustrate our methodology by computing the GSS for four benchmark structural dynamical systems, each under
the presence of a physically relevant aperiodic external forcing. For the practitioner, we present our methodology as a publicly avail-
able MATLAB toolkit, GSSTool (see Kaundinya et al.[48]), which takes as input the unforced equations of the nonlinear mechanical
system and the external forcing history. Our toolkit enables practitioners to rapidly and accurately compute GSSs for large struc-
tural mechanical systems by applying a well-justified model truncation criterion that selects the optimal number of slowest vibration
modes. We show that GSSTool is also applicable in a partially data-driven setting wherein only the linear part of a mechanical system
and the aperiodic forcing are known explicitly.

2. Generalized steady state
2.1. Setup

The governing equations of a forced mechanical system are
Mx + Cx + Kx + f(x, %) = g(x, X, 1), 1)

where x € R" is the vector of generalized positions, M € R"™" is a symmetric positive definite mass matrix, K € R is a symmetric
positive definite stiffness matrix, C € R"™" is a general damping matrix, with a positive definite symmetric part, f is a smooth nonlinear
function with £(0,0) = 0, and g represents parametric or external forcing.

We assume that g is uniformly bounded, i.e.,

lex. %0l <A, teR, (xX% eV R gxx-)eC'R), ®)

for constant A > 0, where || - || denotes the uniform supremum norm, and V is a compact set in R?". For small enough A, we can treat
the external forcing g as a perturbative term and invoke related mathematical results from Haller and Kaundinya [47]. As we shall
see, however, those results also extend to higher values of A in practice. We also note that in the absence of forcing (i.e., for g = 0),
system (1) has a fixed point at (x, x) = (0,0), which we assume to be asymptotically stable.

The second-order system (1) can be recast in a first-order form

Bz = Az + F(z) + G(z,1). 3)
Here z = (x,X), and, as in Jain and Haller [49], we have
[c ™ [k o _[(—fx%) _(gx%,0
B—[M 0], A_[O M]’ F(z)—( 0 >, G(z,t)-( 0 > 4)

By our assumptions, the origin is asymptotically stable and hence the linear part of the system (3) admits an exponential dichotomy
for k, K > 0 (see Palmer [46] and Haller and Kaundinya [47]):

[BA < Ke™, 120 (5)
Our assumptions also imply that the eigenvalues in the spectrum of B~!A,

spectB'A) = (41, ..., Ay, ), (6)
can be ordered as

Red,, <Rek,,_; < - <Red, <Rei; <0. )
We further assume that B~!A is semisimple, and hence we have 2n complex eigenvectors

Vi, .0 s Vy, € CH (8)

corresponding to the eigenvalues appearing in the ordered set (6).
To present all the computationally relevant results without inverting B or M, we diagonalize system Bz = Az using eigenvectors
satisfying the generalized eigenvalue problem

(A-4BV; =0, j=12...2n ©)
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We construct a diagonalizing transformation matrix V € C**?" by arranging the eigenvectors v ; as its columns, in descending order
of Re/;. We also normalize the eigenvectors such that

V*BV =1, (10

with I the identity matrix and ()* denotes complex conjugate transpose.
In case of structural damping, the damping matrix can be expressed as C = ¢,;M + cg K for cg, ¢, € R, which allows diagonalizing
the linear part of (3) using only eigenvectors satisfying the generalized eigenvalue problem

(K—wJZ.M)u,=0, i=1.2...n an

Here o; is the undamped natural frequency of the undamped and unforced real eigenmode of vibration, u;. We further normalize
these eigenmodes with the mass matrix ul.TMu ; = §;;. We collect the eigenmodes u; as column vectors in ascending order in w; to
obtain a matrix U € R™". The coordinate change x = Uy then transforms the linear part of (1) into a system of n decoupled damped

harmonic oscillators,
§; +20,0¥;+0yy; =0, j=1,...n, (12)

2

where ¢; = ﬁ (c M+ o] ) are the modal damping coefficients.

To streamline these diagonalization transformations for the general and structural damping cases, we define an n x n transforma-
tion matrix P that diagonalizes the linear part of system (3) via the coordinate change z = Pz into

i1=An. (13)
Specifically, for a general damping matrix C, we let

P=V (14)
and

A = diag(Ay, ... Ay,) € C>21, (15)

For the case of structural damping, we include a permutation matrix S € R>>?" by letting
1 ifiisoddandj=%,
S;;={1 ifiisevenandj=n+ %, iLj>1, (16)

0 otherwise,

and set
(U 0]t
P= [0 U]S s 17)
which yields
0 1
— 2nx2n _
A = diag(4;,...,4,) €R s A= [—wjz. —ZCij] . (18)

Therefore, A is complex and diagonal in the general damping case, but can be chosen as real and block-diagonal in the structural
damping case.

Spectral subspaces of the linear system (13) are defined as direct sums of eigenspaces of A. All spectral subspaces are invariant
under the dynamics of system (13). A d-dimensional slow subspace E is the direct sum of the eigenspaces corresponding to the
eigenvalues 4, ..., 4,, as ordered in eq.(7). The internal dynamics of such a subspace E provides a d-dimensional reduced model of
system (13) with which all trajectories of (13) synchronize exponentially fast. The theory of spectral submanifolds (SSMs) guarantees
that a d-dimensional slow subspace has a unique smoothest continuation W;, in the nonlinear system (3) for G = 0 under appropriate
nonresonance conditions on the spectrum of A (see Haller [31]). Specifically, the SSM W;, is a d-dimensional invariant manifold of
system that is tangent to E at the origin.

For small enough A > 0 in (2), Wg has been shown to perturb into a time-dependent SSM Wg(¢) that is attached to a generalized
steady state (GSS) (see Haller and Kaundinya [47] and Haller [31]).

In what follows, we develop a detailed computational algorithm for GSSs in mechanical systems of the form (1). As a consequence,
the nonlinear steady state response of system (3) is determined by the GSS without the need to compute W (7).

2.2. GSS uniqueness and formal expansion

For small enough A, we can conclude the existence of a unique generalized steady state (GSS) for system (3) using Theorem 1
from Haller and Kaundinya [47], under the uniformly bounded forcing assumption (2) and the existence of an asymptotically stable
fixed point for the unforced system. Specifically, the theorem states the existence of a unique uniformly bounded GSS z*() in an open
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ball B; ¢ R?" around z = 0. The GSS is asymptotically stable and is as smooth in any parameter as is system (3). For completeness
in Appendix A, we present the proof for the local existence and uniqueness of the GSS using the Picard iteration approach by Jain
et al. [14], and verify its consistency with the conditions derived in Theorem 1 of Haller and Kaundinya [47].

In contrast to a Picard iteration method, for numerical GSS computation, Haller and Kaundinya [47] seek the GSS as a formal
Taylor expansion up to a finite order N,

N
20 = Y 2,() +o(A"), (19)

v=1

which is a solution of the nonlinear system (3), i.e. satisfies

Bz* (1) = Az*(t) + F(z* (1)) + G(z* (1), 1). (20)

To obtain the time-dependent Taylor coefficients z, () from (20), Haller and Kaundinya [47] first introduce a small perturbation
parameter ¢ > 0 by letting G — ¢G and z, — ¢"z,. They then expand the GSS in ¢ in (20) and compare terms to O(e"). At each order,
they arrive at a system of inhomogeneous linear ODEs with the homogeneous part given by the linear part of system (3) and an
inhomogeneous part that recursively depends on the GSS Taylor coefficients of order O(¢*~!) and lower. The recursive formulas are
derived from more general multivariate Faa Di Bruno formulas originally obtained by Constantine and Savits [50].

The exact solution for the recursively defined z,(r) is

t v
z,(1) = / PeA(’S)(P*BP)_lP*< Z D;Flzzoz Z 75 (5) (21)

1<]y|<v g=1klep,(v.y)
v—1
+ ) DIGL,Y ) z};(s)>ds, v> 1,
1<|yl<v-1 q=1klep,(v—1,y)
with initial condition
t
z,(1) = / PeA0=5) (P*BP) ' P*G(0, 5)ds. (22)
—0

Here y € N> with |y| = ¥, y,. The factor zlkq (s) is defined as

i K
g on (2 ()

k —
7, (s) = HH KT (23)
j=1i=1 ji
the operator D} as
alrl
D)= —=" (24)
T
and the index set p,(v,y) is defined as
q 2n q
p,v.y) = {(k,l) TRENP {0} 1e NI = {0},1) < <[y, Y k=7, ) Ykl = v}. (25)
j=1 i=1 j=1

The detailed proof of these formulas is provided in Appendix A2 in Haller and Kaundinya [47]. We highlight practical advantages
of these formulas in the following three remarks:

Remark 1. [Applicability to practical settings] The formal asymptotic GSS expansion (19) can be readily computed for any given
smooth functions F and G in z. These nonlinear functions are polynomials in benchmark structural engineering problems modeled
using the method of finite elements, which allows for a quick computation of the coefficients in Eq. (21).

Formulas (21)(25) are also applicable when the external forcing G(0, ) is not C? in ¢, even though the exact mathematical argu-
ments used in their proof no longer apply. The reason is that discontinuous functions can be approximated arbitrarily closely with
continuous functions.

To evaluate if the GSS exists and can be computed in practice, we use a non-dimensional measure that quantifies the weakness of
the external forcing relative to the internal forces of the mechanical system:

ty .
lg(x(s), X(s), s)||d s
Fop = /'0 (26)

/,(’]f 1Cx(s) + Kx(s) + £(x(s), x(s)|d's

Here, the over-bar represents averaging with respect to initial conditions of the unforced solutions (x(7), x(r)) of the mechanical system
over an open domain near the unforced equilibrium. The relative measure (26) was first introduced in Haller and Kaundinya [47],
whose mathematical proofs apply in the limit of r,, < 1, corresponding to extremely weak forcing. In practice, however, we find that
our GSS formulas also hold for moderate forcing (r,, < 1), and even sometimes for moderately large forcing (r,, > 1).

5
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Remark 2. [GSS expansion with an explicit scalar forcing level] It is common in structural vibration studies to introduce a
scalar parameter that controls the magnitude of forcing on the system. In our context, this can be achieved by letting G — AG, where

G= ”g” is a normalized forcing signal. The GSS expansion (19) with the forcing parameter A made explicit is of the form

N
251, A) = Z Z,(HAY + o(AN). (27)
v=I
Here 7, () is computed by substituting the redefined forcing function G in our GSS into formulas (21) and (22). Setting A = ||G|| in
(27), we recover the GSS for the forced system (3). This parametric formula for the GSS allows for straightforward computation of
the GSS for any user-defined forcing level using the already computed GSS Taylor expansion coefficients for the normalized forcing
function.

Remark 3. [Computational advantage] The expansion coefficients (21) are uniformly bounded solutions of recursively defined
linear inhomogeneous ODEs. Solving such linear ODE:s is faster than solving nonlinear forced ODEs. In addition to this speed-up,
solution methods for linear inhomogeneous ODEs are guaranteed to converge unlike their nonlinear counterparts, which need further
tuning by the user. Here, we will provide numerical techniques to approximate the integrals in (21) directly.

Remark 4. [Computing GSS on a forced SSM-reduced model] When the nonlinearities of system (1) are unknown, we compute
the GSS approximation (19) using the reduced equations of the slow SSM W () obtained from data. Specifically, given access to
unforced decaying trajectories, we use SSMLearn [33] to identify a d-dimensional autonomous slow SSM with reduced coordinates
r € R¢ , SSM parametrization W(r), and reduced dynamics R(r). Combining this SSM with the known linear parts of system (1), we
can infer the leading-order forced SSM-reduced model,

i = R() + P*)G(0,1), (28)

t
2(H) = W(r(0) + / PAIP (1 — Pp(P*))G(0, ).

—0o0
Here (P); denotes selecting the first d rows, and P denotes selecting the first d columns of the diagonalizing transformation matrix
P, which satisfies the normalization condition (10). The derivation of the leading order terms in the SSM-reduced model (28) can be
found in Appendix B in Xu et al. [51]. Setting B = I, A = D,R(0), F = R(r) — D,R(0) and G = (P*)G(0,7) in Eq. (20), we compute the
GSS Taylor coeffiencits using formulas (21) in the SSM reduced coordinates, then using the SSM parametrization map (28) we lift
these GSS Taylor coefficients to the physical space.

Since the forcing is only accounted for at leading order in the SSM-reduced model, we expect the GSS calculations to be accurate
up to that order. To ensure accurate GSS results at higher orders, one may compute the GSS with higher-order terms included in
the forced SSM-reduced model. Haller and Kaundinya[47] provides systematic derivations of those higher-order terms from the
governing equations of the system.

3. Automated computation of the GSS expansion

The computation of the index set (25) can be expedited using recursive definitions for automated computation of functional
compositions of Taylor coefficients based on radial derivatives, as implemented in SSMTool for polynomial nonlinearities (see Haro
and de la Llave [52] and Ponsioen et al. [53]). We discuss this approach below with numerical methods that accurately evaluate the
kernel integral in (21).

3.1. Iterated recursion via multi-index notation

We assume the function F and G contain only polynomial nonlinearities in z. Using the multi-index convention for polynomial
nonlinearities introduced in Jain and Haller [49] and Thurnher et al. [54], we let

Fz)= ) F,z" (29)
meN2?
and
Gzn= Y Gy (30)
meN2n
with the notation z™ = z'l"l ;"2” We substitute these polynomial expansions into (21) and focus on the evaluation of the inte-
grand

> FyHy, 2 Yo+ Y G (s)Hy, z PIEAO! (31)

I<lylsv i=1 q=1py(v,y) 1<|ylsv-1 i=1 q=1py(v=1.y)

As shown by Thurnher et al. [54] and implemented in SSMTool, the O(x") terms in the expansion of a 1D autonomous SSM with
reduced coordinate x is of the form

Y FH,, (32)

1<|yl<v
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where coefficients H, , records contributions arising from function compositions. In the case of the GSS expansions, we must allow
for general time-dependence in these coefficients and include the contributions due to external forcing, which gives

Gy(s) ifv=1,

D, (s) = (33)

Z F,H, (s)+ Z G,(9H,, (s) ifv> 1

1<yl I<|y|<v-1

with the time-dependent coefficients H, ,(s) defined as

v q Y
H, () = [(z®) ] par, = [Z (Zz(lj>(s)> ] : (34)
oY)

g=1 \j=1

Here []pav) denotes all terms contributing at order v. As we show in Appendix B, the algebraic expression (33) is equivalent to the
GSS integrand in (31). We will use formula (33) to compute efficiently the integrand (31) for our GSS algorithm.

The quantities H, ,(s) at a fixed value of s, are defined recursively in Thurnher et al. [54], and are implemented in SSMTool. For
autonomous problems, judicious use of these compositional coefficients have provided major speedup for the computation of spectral
submanifolds (SSMs). For the time-dependent calculations required for GSSs, the same approach is computationally inefficient.

To this end, we modify the compositional structure (34) to store all time-dependent functions H, ,(s) as 3-tensors with size
H € R N*T where N is the maximal order of the GSS expansion and T is the total number of temporal data points of the forcing
signal. The storage cost of these 3-tensors H scales linearly with n, N, and T, i.e., as O(n - N - T), with N increasing polynomially as
the expansion order v increases.

In practice there will always be a finite but large time interval over which the forcing function G is given. The value of T will
then be fixed by the temporal data matrix G,, € R*>T supplied by the user. These tensorial definitions retain the same recursive
properties of H,, ,(s) but with new rules that utilize tensor products to enhance computational speed.

3.2. Evaluation of integrals in the GSS formulas

For v = 1, the formula (33) is the external forcing applied to the system,
@, (1) = G(0,1) = (2(0,0,),0)". (35)

Due to the recursive nature of the definitions and the block structure of the mechanical system, the integrand (33) for v > 1 always
has the form @, (¢) = (¢, (t),0)T with ¢, (1) € R" X R.

In practical applications, the external forcing will be defined at T’ equally spaced temporal points over a finite time interval [¢,, ]
with uniform spacing é¢. For all times ¢ < ¢, we set the forcing to zero in evaluating the integrals in formulas (21)-(22). Hence, we
shall always pad the forcing signal with zeros up-to a finite length 7,,6t, where T, controls the padding length.

With these considerations, we obtain

t t
2,() = / PeA0=) (P*BP) ' P (s)ds ~ / PeA=) (P*BP) ' P, (s)ds, (36)
o T, 6t
a Fredholm integral of the second kind (see Atkinson [55]). Jain et al. [14] evaluated similar integrals to (36) as convolutions with
Newton-Cotes quadrature rules. Newton-Cotes rules require integrand values at equally spaced intervals (see Abramowitz and Ste-
gun [56]). These rules are then formulated by approximating the integral as a weighted sum of these values. However, for exponential
kernels there is no guarantee that these integral evaluations with Newton-Cotes rules converge for decreasing interval spacing or
higher-order rules.

An alternative strategy is to perform Gaussian quadrature (see Abramowitz and Stegun [56]), which are guaranteed to converge
but require values of the integrand at arbitrary temporal spacings. Such schemes suffer numerically for stiff ODEs, which is commonly
the case for structural systems that contain stiff degrees of freedom.

For the mechanical system (1), implicit Newmark methods circumvent stiffness issues (see Newmark [10] and Géradin and
Rixen [57]). In fact, the expression (36) can be obtained by an implicit Newmark time integration of the second-order linear in-
homogeneous system

Mx, + Cx, + Kx, = ¢, + (1) — Ty61), 2,0 =0, z, = (xv,xv)T, 37)

over the time interval (T,0t, Tyot +15].

Instead of this approach, however, we use here a method that directly calculates the integral (36) without the stiffness issues faced
by quadrature rules and is also applicable to first-order systems of the form (3).

We set this up by rewriting (36) as a recursive solution

ot
2,(t + 81) = P (P*BP) ' P*z,(1) + / Pe (P*BP) ' P*®, (s + 1)ds, (38)
0
with initial condition
z,(-T,61) =0, (39

and compute the finite integral over the interval [0, 5¢].
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3.2.1. Case 1: General damping
From Section 2.1, we substitute for A and P in the finite integral in (38) with their general damping counterparts (15) and (14),
respectively. Using the normalization condition (10), the resulting integral expression can be represented as

VL(t, 61), (40)
with L(z, §t) € R?" defined as

ot
L;(, 61 = / e [VED, (s + t)]jds j=1,..,2n. (41)
0
We approximate the forcing vector signal as a piecewise linear function over the interval [z, 7 + §t]. This implies
D (s+1) =D+ % (@, +61) — D,(1)). (42)
This allows us to explicitly calculate scalar integrals defining L; in (41) as
L;(t,5t) = QT (61 [V.0], (43)
ST [Vio,c+on], )
with
At 1 At _ ﬁ)
na s\ A2 r
Q;(6n) = AT 44
= -
J

We have to compute Q; only once for a user supplied value of &z for the evaluation of the integral (36). The vectors Q; are well
defined for 4; # 0, which is always the case for damped mechanical systems. For periodic or quasi-periodic forcing, we can evaluate
these integrals exactly without the piecewise approximation for the function @, (s). However, in those cases, the vector Q; is well
defined only when none of the eigenvalues 4; are in resonance with the external forcing frequencies.

3.2.2. Case 2: Structural damping
For structural damping, the matrix A takes a block-diagonal structure (see Eq. (18)) given by

0 1

—w? -2{;

A =diag(Ay, ..., 4,), 4; € R®?, 1/.:[
J

], ®) < <o, (45)

Substituting for the modal transformation P with Eq. (17) and B from Eq. (4), the finite integral in (38) takes the form

MTU 0] er —asa|@ 1 uT o
/0 [0 U] Ste ™S [1 —UTCU] [ 0 UT] D (s+1)ds, (46)
which can be simplified and written as
M0 0]t —as 0
/() [0 U]S e S<UT¢V(s+t)>dS' 47)
Rearranging the terms in the integral, we obtain
U 0].r
[ v U] ST Lt 60, 48)

with L(z, §t) € R?" defined as

ot
= —4js 0 i =
Lj(t,ét)—/0 e <[UT¢V(5+I)]j)ds, i=1l...n (49)

Under the assumption of piecewise linearity for the forcing function, Eq. (42) implies that we can express the integral (49) as

[U7¢,0)];
U, +60];)

Here, the matrix Q;(61) € R>? is

L1560 =Q j(51)< (50)

Qj'f(ét), ¢; <1 (underdamped)
Q;(61)=4Q5(1, ;=1 (critically damped) . (51)
Q?(&t), {;>1 (overdamped)

The exact expressions for these matrices and their derivation is detailed in Appendix C. The above formulas preserve the second
order structure and are solely expressed in terms of the vibration modes of the mechanical system. Once the matrices Q;(5r) are
precomputed for the dynamical system (1), they can be readily used in GSS calculations for arbitrary forcing functions.

Formula (50) for a single-degree-of-freedom, underdamped oscillator were first derived by Dempsey and Irvine [58]. Our more
general formulas (49)-(51) apply to multi-degree-of-freedom systems with arbitrary damping.

8
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3.2.3. Modal truncation
A complete diagonalization of the linear part of a high-dimensional mechanical system is computationally expensive. For this
reason, we employ a modal truncation to approximate formulas (43) and (50). Specifically, the matrices V or U are truncated to contain

only m eigenvectors or mode shapes. If we represent these truncated transformation matrices as V. € C*" or Uy, € R™", the
corresponding formulas read
[Vi e ®, )]
Qj (61 e U ) dE i), (52)
j [Viunc®, (0 + 0], e im
LN OIR oy .
Q-(§t)< trunc VS g , Je{if,...ip}. (53)
T N U b (2 + D)1, "
Here the index set {i,,...i,} labels the m selected eigenvectors or modes. We typically select eigenmodes whose corresponding
eigenvalues satisfy
e&tReKi > e, (54)

for a tolerance value ¢ > 0, which we set by default to e = 10~3. The dimensionless quantity ¢*®® controls the magnitude of the

entries in Q;(51). This modal approximation selects the eigenvectors corresponding to the m slowest eigenvalues.

3.3. Vector Padé approximations for the GSS

Even though a unique GSS exists, its time-dependent Taylor approximation may diverge for large magnitudes of the forcing vector.
A strategy to enhance the domain of convergence of our computed GSS Taylor approximation is to construct a Padé approximation
from its coefficients (see Baker and Graves-Morris [59]). Kaszas and Haller [34] discuss in detail Padé approximations to enlarge the
domain of convergence of Taylor approximations of spectral submanifolds. In their setting, the Taylor coefficients are constant for
all times. We could apply similar methods at fixed time instances, but this would lead to recomputing a Padé approximation of the
GSS for each each time instance, which is inefficient.

We seek a universal rational function approximation of the GSS that is proven to have convergent properties for all temporal
points. Lane and Akers[60] have recently used a vector Padé approximation to approximate the steady state solution for the forced
Navier-Stokes equations. Applying this idea to each phase space variable z/, we employ a vector Padé approximation,

=L j
Z\v,=1 ajv

_ 4 o(ALTM)), (55)
=M
+ 22 b

with z/, qjv' € R? and ¥, € R. Here p is the total number of temporal points for which the Taylor GSS values are known. We solve for
a) and b/, in Eq. (55), first calculating a Taylor GSS approximation of order N = L + M,

)~z =2, ....2(1,)] = Padé[L, M] o

N=L+M
z/ = Z z + o(AN). (56)
v=I
Equating Eq. (56) with the Padé approximation in Eq. (55) and collecting terms at o(A**!) and higher, we obtain the following linear
system of equations in 5/

J J
2 ZL-me1|( 2
z/ Ved 1 L+1
L+1 L-M+2 Cl=— : . (57)
. : M :. j J
Z Z by ZLem
L+M-1 L

The linear system is generally overdetermined as p >> L + M, therefore, we seek the solution of #/, using the least squares method.
Using the obtained b/, the vector coefficients a’ of the Padé approximation are determined by

(58)

a/:z{+2bj;z€_”, 1<v<L. (59)

These formulas are derived from collecting terms of order o(A%) and smaller. If the true GSS z*(¢) is a rational function with an analytic
numerator, then Theorem 8.4.9 from Baker and Graves-Morris [59] provides convergence results for its vector Padé approximation
as L=M and M — oo. Motivated by this result, we will always compute a vector Padé approximation for the case L = M for large
values of M.
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3.4. Systematic guidelines for using GSSTool

We provide systematic guidelines for selecting the parameters used in GSSTool. Specifically, we discuss the choice of the Taylor
expansion order N in Eq. (19), the padding length T, and the integration time step 6¢ that approximates the improper integral in
Eq. (36), and (for the case of modal truncation) the tolerance value ¢ defined in Eq. (54). Our guidelines are informed by the numerical
contributions of these parameters to the GSS approximation. If we ignore the coupling error arising from recursive expansions, the
total error for an O(N) GSS for positive constants C; 4 can be bounded from above by

12,0 = 25 ovimarion D] < CLANT! 4+ C 61 + C e+ €y eTrPIRAL (60)

1. (Step 1) Setting 61 and T,: The integral formulas Egs. (36) and (41) have the same form at all orders of the GSS expansion. We set
these values by reducing the error for the O(1) GSS by comparing against the true linear response of the system subject to a forcing
realization. The time step 67 is obtained from the available forcing dataset. If the time resolution is poor, we further resolve the
time grid by reducing the time step 7 and approximating the external forcing as piecewise linear function. The padding length T,
is set so that 7,6¢|Re 4| > 100, which ensures accurate evaluation of the improper integrals.

2. (Step 2) Selecting the order N: We recommend fixing the forcing magnitude A for a given forcing realization and increasing the
order of the GSS expansion gradually until the relative pointwise error between the true response and the computed O(N) GSS
decreases to a user-defined tolerance. The obtained order N can then be used to compute O(N) GSSs for the same system subject
to different forcing realizations bounded by the same forcing magnitude A.

3. (Step 3) Choosing the mode selection tolerance value e: The criterion in Eq. (54) only applies when structural damping is
present and also depends on the integration time step 6¢. We find that setting ¢ = 103 suffices to capture the most relevant slow
modes and accurately characterize the GSS in Section 4.6. Lowering the tolerance for a fixed ¢ will include additional slower
modes.

4. (Step 4) Padé approximation for larger forcing magnitude A: If the GSS Taylor expansion starts diverging for a forcing real-
ization at order N, compute N more Taylor terms to obtain an O(2N) GSS. Use this to compute a Padé[N, N] approximant (see
Eq. (55)).

4. Examples

In this section, we illustrate on examples of increasing complexity the predictive power and accuracy of the formulas and numerical
procedures we have discussed for computing GSSs. In our examples, the forcing function g will have pure time dependence without
state dependence.

Some of our examples will be fully equation-driven, i.e., will utilize full knowledge of the equations of motion of the mechanical
system. Other examples will be partially equation driven in that they will only assume knowledge of the linear part of the system and
infer its nonlinear part from data.

We will approximate GSSs by computing O(N) Taylor expansions (see Eq. (19)). If the O(N) Taylor expansions turns out to be
divergent for a given forcing level, we compute the Padé[N, N] GSS expansion using Eq. (55) with O(2N) GSS Taylor approximations.
All our examples and methods discussed here are available in the open source MATLAB code GSSTool (see Kaundinya et al. [48]).

4.1. Example 1: Axially moving beam under chirp excitation

We consider a simply supported slender viscoelastic beam that moves with a constant velocity v in the axial direction. This example
emulates the dynamics of underwater cables and power transmission lines, where axial motion comes from the constant towing speed
of underwater cables or waves moving along overhead power lines (see Pellicano and Vestroni [61]). The constant axial movement
of the beam creates a gyroscopic damping force whose linear part does not satisfy the structural damping hypothesis (see Pellicano
and Vestroni [61] and Li et al. [62]).

The beam is made of steel with density p = 7680 [kg/m?], Young’s modulus E = 30 x 10° [Pa], and viscosity v = 30 x 10° [Pa]. The
beam’s length is / = 1 [m] and its cross-sectional area A = 1.2 x 1073 [m?]. The axial velocity of the beam is v = 43.82 [m/s]. The
governing partial differential equations (PDEs) of the beam are discretized using the Galerkin approach with Fourier basis functions
to obtain a second order system of the form (1). The exact implementation of the discretized equations of motion of the beam can
be found in the GitHub repository SSMTool (see Jain et al. [32]). The discretized axial beam has n = 10 degrees of freedom and its
transverse coordinates are given by

wix,1) =Y sin(zjx)u; (1), (61)
j=1

where u; denote the Galerkin modes. The geometry of the moving beam is depicted in Fig. 1a. We transversely excite the structure

at the base with a chirp forcing signal whose instantaneous frequency varies in time as
Q(t) = sina (> /2 + wt)), (62)

where w ~ 3.2 [Hz] is the natural frequency of the slowest mode. Formula (62) defines a linear chirp signal with a starting frequency
of w which we apply to the beam over a duration of 10 [s] (see Fig. 1b). The maximal amplitude of the forcing A is 0.63 [N] with
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Fig. 1. (a) The axially moving beam setup adopted from Li et al. [62] with simply supported boundary conditions. (b) Linear chirp forcing signal
profile.

Table 1
Run time comparisons for axially moving beam.

Full model 0(10) GSS

Run times 4.8s 1.5s

All the simulations are run on a M4 Macbook Pro-24 GB RAM laptop.

non-dimensional forcing weakness measure r,, = 0.49. This forcing level is approximately 600 times larger than the value used to
periodically excite the beam by Li et al. [62].

We compute an O(10) GSS Taylor approximation for the beam’s Galerkin discretized model using the formulas appearing in
Section 3.2.1 for the case of general damping. Since the forcing is zero for ¢ < 0, we do not need to pad the integral formulas Eq. (36).
We also compute the O(1) GSS Taylor approximation, which gives the linear response of the forced system (1). We then compare
these GSS Taylor approximations with the full model. The time integration of the full model is performed using the implicit Newmark
method (see Newmark [10]).

An O(10) GSS approximation already suffices to capture the full model response accurately. Fig. 2a compares this approximation
with the O(1) GSS for the u; Galerkin mode. We also plot snapshots of the full beam profile for r = 4.99 [s] and ¢ = 7.80 [s] in Fig. 2b
and c. The same figures highlight that higher-order correction terms to the GSS approximation become relevant for longer times when
the nonlinear internal forces of the system become more active.

In this example, we have computed the GSS using the formulas listed in Section 3.2.1 without the modal truncation step. We list
computational times in Table 1 for the O(10) GSS Taylor approximation using GSSTool and for the time integration of the full model.
We note that GSSTool is more than three times faster than the full model simulation.

4.2. Example 2: Randomly excited oscillator chain

We now consider an oscillator chain comprising » = 20 masses connected via nonlinear springs and viscous dashpots (see Fig. 3a).
All masses in the chain are set to 0.1 [kg]. The springs have a linear stiffness of 100 [N/m] and a cubic nonlinear stiffness of
2,500[ N/m?]. The damping of the viscous dashpots is set to 0.1 [Ns/m]. The start and end of the chain are forced randomly with a 100
s long signal sampled from a Gaussian distribution with standard deviation ¢ = 1.54 and mean 0 (see Fig. 3b). Further, the Gaussian
forcing is filtered by removing all frequency content that is larger than 7.5 [Hz]. This frequency value corresponds to the slowest
mode of vibration of the unforced chain. The maximum magnitude of the forcing realizations used in this example is A = 7.12 [N]
with a non-dimensional forcing weakness measure r,, = 0.5.

For exactly the same configurations and forcing, Simpson et al. [44] fit a 9-dimensional autoencoder (AE) mapping and a Long
Short-Term Memory (LSTM) network to model the chain dynamics using forced data. The input data for their fitting procedure is
the full positional data of the first 50 % of the forced response of the system obtained from applying a single random realization of
the Gaussian forcing to the chain. They proceed by testing their model on the remaining half of the forced response. We detail their
methodology and our implementation of it in Appendix F.

In Fig. 4a, we plot the O(10) GSS approximation and the AE + LSTM prediction in the 80-90 s time window for the same realization
of the forcing. The GSS is computed on the full time window of the forcing realization using integral formulas for the structural
damping case presented in Section 3.2.2. The O(10) GSS accurately matches the full model. The AE+LSTM model correctly predicts
the trends in the response but does not perfectly match the full model. This is expected as the GSS is computed using the full model
equations, whereas the AE+LSTM is a purely data-driven model.
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Fig. 2. (a) Time evolution of the first Galerkin mode u,(r) under chirp base excitation for the full model (black), the O(1) linear GSS Taylor
approximation (blue) and the O(10) GSS approximation (red). (b) Snapshot of the beam profile at ¢ ~ 4.99 [s]. (c) Snapshot of the beam profile at
t = 7.80 [s]. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

(a) (b)

0 20 40 60 80 100

Fig. 3. (a) Oscillator chain setup. (b) Gaussian random forcing signals with zero mean and standard deviation ¢ = 1.54.

Table 2
Run time comparisons for the oscillator chain model.

Full model 0(10) GSS Autoencoder +LSTM (9D)

Training: 20 min

Run ti 7.1 2.5
un times $ § Testing: 3.4 min

All the simulations are run on a M4 Macbook Pro-24 GB RAM laptop.
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Fig. 4. (a) Normalized displacement trajectories of the first (top) and last (bottom) masses in the chain for the full model (black), the O(10) GSS
(red) and the autoencoder + LTSM model (green). (b) Same as in (a) but for a previously unseen random forcing realization generated from the same
distribution used in the training of the autoencoder + LSTM model. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 5. (a) Normalized displacement trajectories of the first (top) and last (bottom) masses in the chain under a modified Gaussian distribution
with zero mean and standard deviation ¢ = 1.8, for the full model (black), the O(10) GSS (red) and the autoencoder + LTSM model (green). (b)
Snapshot of the oscillator chain at r = 80 [s]. The middle mass block represents the center of mass position of the rest of the 16 masses in the chain.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Next, we test the predictive power of the data-driven AE+LSTM model and our GSS approximations for a previously unseen
forcing realization from the same Gaussian distribution used in training. From Fig. 4b, we observe that the GSS still matches the
response of the full model with high accuracy. In contrast, the AE+LSTM model predicts overall trends in phase but fails at most
time instances in predicting the amplitudes of the true response.

This loss in accuracy by the AE +LSTM model is not compensated by computational run times. Table 2 highlights that training
an 9D autoencoder + LSTM model requires 20 minutes and the learned model takes 3.4 minutes to run on an unseen forcing data.
This is to be contrasted with the O(10) GSS approximation, which requires only 2.5 s to run to provide an accurate prediction for the
forced response.

We close this section by comparing the GSS and the AE+LSTM model predictions (see Fig. 5) for forcing generated from a
modified zero-mean Gaussian distribution with standard deviation ¢ = 1.8. This slightly modified distribution is filtered to contain
frequencies up to 40 [Hz]. We observe that the trained AE+LSTM model is not robust with respect to this slight statistical change
of the forcing distribution. In contrast, the O(10) GSS approximation still accurately predicts the full model response accurately with
minimal computational effort.

We stress that the AE+LSTM model is fully data-driven, whereas the GSS computation presented here utilizes knowledge of the
terms in the equations of motion.

We also present, for this example, the performance of our method for increasing the magnitude of forcing in Appendix D and for
periodic forcing in Appendix E.
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Fig. 6. (a) Unforced 2D SSM of oscillator chain learned from data. (b) Reduced prediction using the SSM-reduced model (red) compared with the
full model (black). (¢) Normalized x, response for an O(5) GSS of the forced SSM-reduced model (red), Autoencoder +LSTM model (green) and the
full model (black). The stochastic forcing used in this example is the same as the one used to generate Fig. 5. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

4.3. Example 3: Partially data-driven computation of the GSSs for the nonlinear oscillator chain

We now revisit the nonlinear oscillator chain in Example 2 and assume that only the linear part of the system is known explicitly
but trajectory data is available for the full nonlinear system in the absence of forcing. This is a realistic setting for structural vibration
problems whose linear behavior can be accurately modeled, but their nonlinear characteristics have to be inferred from experimental
data.

We generate numerically two unforced decaying trajectories launched using random initial conditions in the phase space of the
system shown in Fig. 6a. From one of these trajectories, we extract a two-dimensional slow SSM using SSMLearn in the phase space
of the oscillator chain. We find an O(11) polynomial SSM approximation to accurately predict the second decaying trajectory that
was not used in the SSM construction (see Fig. 6a,b). The SSM parametrization and reduced dynamics for the unforced system take
the form given in Eq. (28).

At leading order, the contribution to the SSM dynamics can be obtained by projecting the forcing to the tangent space of the
unforced SSM at the origin. Under forcing, the parametrized SSM deforms in time, but remains anchored to the GSS. These leading
order terms in Eq. (28) involve the spectral projections of the external forcing vector. We already have these spectral projections at
our disposal from the linear analysis of the unforced system. We calculate GSS Taylor approximations with the forced SSM-reduced
model and lift the reduced GSS solution found within the SSM to the full phase space using the learned SSM parametrization map.

In Fig. 6¢, we plot the GSS predicted from our partially data-driven forced SSM-reduced model and the response of the fully data-
driven autoencoder +LSTM model for the forcing sampled from unseen Gaussian distribution discussed at the end of Section 4.2. We
observe that the GSS prediction closely follows the full response of the system.
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Fig. 7. Aperiodically forced SSM (cyan) snapshots in the phase space with trajectory plots of the GSS prediction (red), the autoencoder +LSTM
prediction (green), and the true response (black). (a) Snapshot at r = 10.34 [s] in the x,,, X,, and x,;, coordinates. Snapshots at (b) r = 33.68 [s] and
(c) t =50.34 [s] in the x;, x; and x,, coordinates. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

Table 3
Run time comparisons for the SSM-reduced model for the oscillator chain.

Full model SSM (2D) + O(5) GSS Autoencoder + LSTM (9D)

Training: 8 s Training: 20 min

i 1
Run times 7:1s Testing: 5s Testing: 3.4 min

All the simulations are run on a M4 Macbook Pro-24 GB RAM laptop.

In Fig. 7, we plot snapshots of the predicted GSS, the aperiodic SSM predictions, and the system’s true response in the phase space.
Fig. 7a is the snapshot captured in the coordinates that represent the middle masses of the oscillator chain. In this frame, the SSM
does not move much, but the forced prediction moves on the SSM. On the other hand, for the snapshots in Fig. 7b and c, the SSM
parametrization is anchored to the GSS and translates along it.

The fully data-driven autoencoder + LSTM model only predicts positions, so velocities were recovered by finite differencing. The
predictions of the autoencoder +LSTM model are unaware of the SSM geometry and fail to capture the dynamics despite using an
9-dimensional latent space. Moreover, the model is expensive to simulate due to the dense network architecture of the LSTM. In
contrast, our SSM-reduced model is only two-dimensional and comprises simple smooth polynomials. As shown in Table 3, it is 40
times faster to test and 150 times faster to train than the autoencoder + LSTM model.
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Fig. 8. (a) Cantilevered von Karmén beam mounted to the ground. (b) Historic horizontal a, and vertical a, ground acceleration data from the
PEERs database for a 1966 earthquake in Parkfield, CA.

4.4. Example 4: Earthquake response of a cantilevered von Kdrmdn beam

Our next example is a finite-element model of a beam satisfying the von Kdrmdn strain hypothesis. The model involves an upright
cantilevered beam mounted to the ground, as shown in Fig. 8a. The beam is made of steel of density 7850 [kg/m’], width 0.01 [m],
breadth 0.05 [m], height 2 [m], Young’s modulus 190 x 10° [Pa], Poisson’s ratio 0.3, and viscous damping parameter 10’ [Ns/m]. A
detailed description of the finite-element model can be found in Jain et al.[32]. Each node in the finite-element model comprises
three degrees of freedom, the axial displacements denoted by z, the transverse displacements denoted by x, and the cross-sectional
angle denoted by a.

The beam is subjected to a realistic earthquake excitation by ground motion. For which we use historical ground acceleration
data from the PEERs database hosted by the University of Berkeley PEER [3]. Specifically, we consider a recorded acceleration data
for a magnitude 6 earthquake event in Parkfield, California, 1966. This is a moderately large earthquake that is expected to cause
significant vibrations for steel structural elements. The ground is shaken in the vertical and horizontal directions, thus impacting all
the degrees of freedom of the beam (see Fig. 8b). The non-dimensional forcing weakness measure for this earthquake-type forcing on
the beam is r,, = 0.17.

We compute an O(5) GSS approximation for the beam model for an increasing number of degrees of freedom. We record the
computational run times for the evaluation of the GSS using the integral formulas (38) and for the time integration of the full model.
For comparison, we also include run times for computing the GSS approximation using numerical time integration.

Fig. 9a shows the computational run times for the GSS method using the integral approach, for the GSS method using numerical
time integration, and for the full model’s response using numerical time integration. The GSS method consistently achieves run times
shorter than the direct numerical solution of the full nonlinear model. As the degrees of freedom model is increased, the run times
for all methods gradually increase, but the GSS computations remain approximately three times faster than the full model.

In Fig. 9b and c, for a 1800 DOF finite element model of the beam, the O(5) GSS approximation is compared with the full model’s
response. For completeness, we also include the linear GSS approximation results. Our approach requires 0.3 hours to compute
compared to 1.5 hours for the full model. The O(5) GSS approximation is sufficient to match the response of the full model. The
need for nonlinear corrections to the GSS becomes evident in the axial coordinates, due to nonlinear coupling with the transverse
coordinates.

4.5. Example 5: Stochastic response on a slow SSM-reduced model for the von Kdrmdn beam

We adopt a similar strategy outlined in Section 4.3 by computing an SSM-reduced model using SSMLearn for the cantilevered von
Karméan beam. The beam is made of aluminum of density 2700 [kg/m?], width 0.001 [m], breadth 0.05 [m], height 1 [m], Young’s
modulus 70 x 10° [Pa], Poisson’s ratio 0.3, and viscous damping parameter 10% [Ns/m].

Specifically, we learn an O(7) SSM-reduced model using a single unforced decaying trajectory of the system. The beam undergoes
base excitation with a bounded Gaussian noise signal similar to the one used in Xu et al. [51]. The maximum forcing magnitude is
A =0.0081 [N] with a non-dimensional forcing weakness measure r,, = 2.32.

Using the forced response of the beam under one realization of the forcing, we learn an 6D autoencoder + LSTM model. We followed
a similar learning algorithm as described in Simpson et al. [44]. Specific details on the training datasets and validation errors for this
example can be found in the Appendix F.

We focus on testing our model and the autoencoder +LSTM model on an unseen realization of the forcing from the same noise
model. We compute an O(20) GSS approximation of the beam on the forced SSM-reduced model, which we later re-sum as a vector
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Fig. 9. (a) Run time plots with the vertical axis representing CPU runtimes on a M4 Macbook Pro-24 GB RAM laptop and the horizontal axis
representing the degrees of freedom of the beam for the O(5) GSS expansions calculated analytically (green) or using the Newmark Beta-method
(blue) and the full model (black). (b) Transverse displacement of the free end and (c) axial displacement of the free end under earthquake response
for a 1800 DOF von Karman beam for the full model (black), the O(5) GSS (red) and the linear GSS (blue). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Table 4
Run time comparisons for the SSM-reduced model for the von-Karman beam.

Full model SSM (2D) + Padé[10, 10] GSS Autoencoder + LSTM (6D)

Training: 1 min Training: 25 min

ti -14mi
Run times  3.14 min Testing: 3.3 s Testing: 2.8 min

All the simulations are run on a M4 Macbook Pro-24 GB RAM laptop.

Padé[10, 10] GSS approximation (see Section 3.3). For more detail on the accuracy comparisons of the Padé and Taylor approximations
of the GSS, see Appendix G.

Fig. 10 a, b, plot temporal snapshots of the beam and the forced SSM-reduced predictions. We observe the Padé GSS approximation
accurately matches the full model response, while the autoencoder + LSTM predicts a larger response (see Fig. 10c). Added to the
accuracy in prediction, the run-times in Table 4 indicate that the SSM-based GSS approximation is 25 times faster in training and
50 times faster in testing compared to the autoencoder + LSTM method. The run times also validate the computational speed-ups
obtained via the SSM-reduced model compared to the full model simulation.
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Fig. 10. (a) Snapshot of the beam profiles for various models at ¢ ~ 64 [s]. (b) SSM (cyan) snapshot at the same time with trajectory plots of the
Padé approximated GSS (red) and the full model (black). (c) Normalized transverse displacement response of the free end. The autoencoder (AE)
+ LSTM prediction is depicted in green in all the plots. The ground was forced horizontally in the x direction with a random signal drawn from a
filtered Gaussian noise model. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

4.6. Example 6: Curved von Kdrmdn shell subject to pressure fluctuations

Our final example involves a curved shell structure satisfying the von Kdrman strain theory. SSM-reduction methods have already
been used to predict the forced response of this shell under periodic forcing (see Jain and Haller [49] and Li et al. [62]). The shell has
a rectangular geometry with length L = 1 [m] and breadth H = 0.5 [m] and is simply supported along the breadth edges. The finite
element model describing the shell has 1386 degrees of freedom. Each element of the shell has 6 degrees of freedom. We denote the
in-plane positions by x, y, the out-off plane position by z and the angles by a, §, and y. The shell is made of aluminum of density
2700 [kg/m?>], has a thickness of 0.01 [m], Young’s modulus 70 x 10° [Pa], Poisson’s ratio 0.33 and viscous damping 10'" [Ns/m]. The
curvature of the shell is set by the ensuring that the shell covers a part of a spherical surface with radius R = 0.01 [m]. The schematic

of the shell is sketched in Fig. 11a. We will plot predictions for the degrees of freedom associated with elements near points M (% % )
and A (% % )

The external forcing is a uniform pressure field acting normal to the shell’s surface. This forcing configuration is of practical
interest in fluid-structure interaction problems, as it models the effect of pressure fluctuations, when the shell is submerged in a
possibly turbulent fluid flow. To test our method across a range of forcing profiles, we consider cases wherein this pressure field is
either quasi-periodic (see Fig. 11b) of the form

g(t) = sin(Q 1) + sin(Q,1), (63)
or chaotic of the form

X=-y-—z (64)
y=x+ay,
z=b+z(x —c),

g =x(0/1x|,
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Fig. 11. (a) Schematic of the von Kdrman shell taken from Jain and Haller [49]. (b) Quasi-periodic forcing signal applied uniformly across the shell.
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Fig. 12. (a) Plot of ¢’®4 vs the j* mode, with modes ordered from slowest to fastest. (b) The forced response of the shell under uniform quasi-
periodic forcing for the full model (black), the O(1) GSS (blue) and the O(4) GSS (red). The quasi-periodic signal used in this simulation has
frequencies Q, = w, and Q, = 7w,. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

where the chaotic signal is the extracted from the Rossler system (see Rossler [63]) with parameters a = 0.2, b= 0.2, and ¢ =5.7.
These forcings are suitably normalized and rescaled to have a maximum forcing magnitude A = 810.30 [N] with non-dimensional
forcing weakness measure r,, = 1.25 for the quasi-periodic case, and A = 1622.01 [N] with non-dimensional forcing weakness measure
r,, = 1.47 for the chaotic case. For the quasi-periodic case, we will also ensure that the forcing signal is padded with 7, = 100 (see
Eq. (34), since the forcing is non-zero for all times.

Due to the high dimensionality of the shell, we apply the mode selection criterion outlined in Section 3.2.3 to compute the GSS
approximations. For quasi-periodic forcing with time spacing 6t = 1074, the criterion retains the 200 slowest modes to ensure accurate
evaluation of the integral formulas in the GSS (see Fig. 12a). For the case of the chaotic forcing with time spacing 6t = 103, 150
slowest modes prove sufficient to maintain accuracy.

We calculate an O(4) GSS approximation for the quasi-periodic external forcing. Fig. 12b shows the quasi-periodic GSS when
Q| = w; and Q, = 7w, where w, is the frequency corresponding to the slowest mode of the shell. In Fig. 13a, we plot the GSS for the
case Q, = w, where w, is the frequency corresponding to the second slowest mode of the shell. In Fig. 13b, we plot a period-3 GSS
for the case Q, = 3w,. Finally, in Fig. 13c, we plot an O(6) GSS approximation when the uniform pressure field is a chaotic signal
taken from Eq. (64).

In all cases, we demonstrate that a nonlinear approximation of the GSS is necessary to predict the full model’s forced response
accurately. Table 5 lists the computational run-times for the full model, the modal truncated full model, and the GSS. The modal
truncated full model is obtained by projecting the full model equations onto the m slowest modes used in the modal truncated GSS
computation. We found that the truncated full model has similar accuracy to the full model across all forcing cases. Hence, we omit
plotting these results. We observe that our mode-truncation step for the GSS computation results in run times that are 6 times faster
than the full model simulation and 5 times faster than the modal-truncated full model simulation.
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Fig. 13. (a) The forced response of the shell under uniform quasi-periodic forcing with Q; = @, and Q, = w,. (b) Period-3 shell response when
Q, = w, and Q, = 3w,. (c) Chaotic shell response when the uniform pressure field is modeled using a chaotic Rdssler system (64).

Table 5
Run time comparisons for curved von Karmén shell.

Quasiperiodic forcing

Chaotic forcing

Full model 3.35min 1.5min
Full model (modal truncation) 2.66 min (m = 200) 1.14min (m = 150)
GSS 31.85 0(4) 32.7s 0(6)

All the simulations are run on a M4 Macbook Pro-24 GB RAM laptop.

This is expected, as both the full model and the modal-truncated full model
function at each time integration step. On the other hand, computing the GSS
a sparse library of nonlinear coefficients, which results in significant speedup

unavailable, we recommend learning an accurate low-dimensional, slow SSM-

GSSTool (see Sections 4.3 and 4.5).

5. Conclusion

need to evaluate the full model’s expensive nonlinear
solves successive linear problems and resorts only to
. For examples where such nonlinear coefficients are
reduced model and use that to compute the GSS via

In this paper, we have used the recent theoretical results on generalized steady states (GSSs) of non-autonomous dynamical
systems to develop a computational algorithm to locate GSSs in nonlinear mechanical systems under external forcing with arbitrary
time dependence. Specifically, we provide a rapid alternative to direct numerical integration that cannot isolate the GSS from transient
approach to the GSS under short, transient aperiodic forcing. We have focused on extracting GSSs via an asymptotic Taylor or Padé

expansion, assuming that the general forcing action on the system is specified
at least the linear part of the equations of motion is known.
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Our approach has yielded a numerical toolkit, GSSTool (see Kaundinya et al. [48]), for practical settings in which unforced equi-
libria are stable and the forcing is purely external. The basic algorithm behind GSSTool involves the evaluation of exponential kernel
integrals, where the integrand is recursively defined by lower-order GSS Taylor expansion coefficients. Inspired by existing recursions
offered by SSMTool, we extended them to handle temporal GSS Taylor expansion coefficients to store minimally required terms for
rapid recursive calculations. Equipped with these recursively computed integrands, we have also devised numerical integral schemes
to evaluate exponential kernel integrals to the same accuracy as well-established implicit integrators such as the Newmark method.

For larger amplitude forcing cases, when the GSS Taylor approximations diverge, we have provided a systematic re-summation
technique to obtain convergent vector Padé GSS approximations. In addition, we enhance the algorithm to handle structurally damped
systems efficiently. We have also provided a numerically justified modal truncation criterion, enabling computational speed-ups while
preserving accuracy.

The high accuracy and speed of our method have been demonstrated across six examples that differ in forcing profiles, damping
types, nonlinear complexity, and dimensionality. We also used GSSTool on justified data-driven reduced models obtained via SSMLearn
for aperiodically forced mechanical systems. The examples in Sections 3 and 5 illustrate the success of this hybrid, partially data-
driven approach, in which a 2-dimensional aperiodic SSM sufficed to predict the aperiodic GSS accurately. By contrast, state-of-the-art
reduced-order models learned using an autoencoder and a long short-term memory (LSTM) neural network trained on forced data
have turned out to require a 6- or 9-dimensional latent space. Yet, they still fail to approximate the aperiodic GSS with acceptable
accuracy.

On the algorithmic side, further work is needed to (a) deploy GSSTool for aperiodic forced response prediction on data-assisted
SSM-reduced models for physical systems with degrees of freedom in the order of a million and (b) enable computation of GSSs for
aperiodic parametric forcing. We believe that GSSTool, coupled with robust methods like SSMTool and SSMLearn, can be successfully
employed in commercial finite-element packages to compute aperiodic GSSs rapidly.
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Appendix A. Theorem and proof for the existence and uniqueness of a GSS

Haller and Kaundinya [47] for a first-order system (3) and for forcing condition Eq. (2), prove hyperbolic fixed points of the
unforced system survive as a unique uniformly bounded trajectories, retaining the qualitative hyperbolic behavior of the unforced
fixed points. We restate the theorems for the setting when the hyperbolic fixed point is asymptotically stable and provide refined
conditions that explicitly discuss convergence to the unique uniformly bounded trajectory.

Theorem 1 (Unique generalized steady state (GSS)). Consider a é-size ball B; C V, centered at z = 0. Within this open ball and for
all t € R, assume the following:

(A1) F and G are Lipschitz continuous with Lipschitz constants Lg and Lg.
(A2) G(z,t1) is uniformly bounded, i.e., there exists a constant A > 0 such that

IG@ DIl <A, V(z.f) € B; xR, (A1)
(A3) The conditions
1 F . G > x F F
ALl ————-2(L; + L — ||IF(@)||, 2IVIIIVAITAYL, + L) <a< 1, (A.2)
<||V||||V*||F(A) (LE+19)) - IF@)l VIV ITAYLE + L)
are satisfied for some a € (0,1) and 6 > 0.
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Then there exists a unique, uniformly bounded generalized steady state (GSS), z*(t) in Bs. The GSS is asymptotically stable and is as
smooth in any parameter as system (3).

Proof. We define a class of uniformly bounded C° trajectories in Bj:
Gs[R] :={z : R > R™| |z <5} (A.3)

For any z(t) € Cs, we can treat the term F(z(r)) + G(z(?), 1) as an uniformly bounded aperiodic forcing applied to the linear system
Bz = Az. Under this setting and using the transformation matrix V, the general solution of system (3) for an arbitrary initial condition
z is given by (see Burd [45]),

t
2(n) = lim Vet yig, 4 / VA9V [F(z(s)) + G(z(s), 5)]ds. (A.4)
0——00 —oo
The first term in Eq. (A.4) will vanish due to Re[Spec(A)] < 0. This results in an integral equation for the GSS in the form
t
(1) = / VAV F(z(s)) + G(z(s), 5)]ds. (A.5)

The simplest scheme to solve Eq. (5), is to employ Picard iteration to the map

1
2,,(t) =Gp(z) = / VeATIVH [F(z,(s)) + Gz, (), 5)| ds, (A.6)

—0o0
using random initial guess trajectories in Cs. The method is guaranteed to converge to a unique GSS if the mapping G is a contraction
mapping on C;. Next, we provide conditions for the convergence of iterations of Gp.
We first need to prove the mapping ¢, maps all uniformly bounded functions in the open ball B; into B;. Take z(t), Z(r) € C5, we
can always write

t
G, (&) = G,(z() + / VeAIV* [F(E(s)) — F&(s)) + GE(s), s) — G(z(s), )| ds. (A7)

Taking the sup norm on both sides, we obtain

G, Gl < 15, @) + :

1
/ VoAt [F(i(s))—F(z(s)) + G(i(s), s) — G(a(s), s)]ds

)

||cp(i<r>>||s||c,,<z(z)>||+||V||||V*||sup,< / 1A= [ IR -Fa(s)| +|G(i(s>,s>—G(z(s),s>|]ds]>,

—00

t
I, @I < NI, 2)]] + ||V||||V*||sup,< / AN [LE |2(s) = &(s)| + LS |2(s) — i(s)l]ds>-

From the definition of Cy, we have |z(s) — Z(s)| < ||z(s) — Z(s)|| < 26, which gives us

t

16, Gl < 16, )il + IVIIV125(LF + L§>sup,( /

—00

|eA(’_S)|ds>‘ (A.8)
We can similarly estimate

I, @)l < VIV IFA)(A + [F@)) ).

with

t
- A-5) - 1
I'A) = sup,</_w le |ds> = lngja;l [lRe[lJ-]I .
Plugging all this back into eq.(A.8) gives
IG,E@)II < ||VI||IV*||F(A)(A + IIF(Z(S))II) +IVIIVFI28(LS + LTA), (A.9)

by requiring ||G,(Z("))|| < & we get the first condition in eq.(A.2). Next step is to prove the mapping G, : C; — Cj is a contraction. We
start by estimating

t
G, (@()) = G, @I < [IVIIVF (LY + L)sup, < / A= z(s) - i(s)|ds>,

—00

t
G, (@()) = G, @I < [IVIIVF (LY + L)sup, < / |eAt= |ds> llz(s) = &(s)|I.

—00

For a mapping to be a contraction we need

G, (@(s)) = G,EsHII < alla(s) - E(s)ll, (A.10)
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with a < 1. Enforcing this on Eq. (74) provides us with the second condition in Eq. (A.2).
We also observe that if set (A) = 1 (where « is defined in eq.(5)), IVIIIIV*|| = K and further impose the condition 4(LF + LG)K <k
(see Palmer [46] and Haller and Kaundlnya [471), conditions (A.2) modify to

A<5(E—2—)—||F(z)|| 2?(L§+L§)§a<1. (A11)

We recover conditions stated in assumption (A3) in Theorem 1 for a = 0.25. It appears that the conditions from Palmer [46] and Haller
and Kaundinya[47] are stricter bounds for the existence of the GSS compared to the derived bounds to demonstrate convergence
via Picard iteration. Overall, the conditions listed in assumption (A3) guarantee the mapping is a contraction, hence, proving the
existence of a unique uniformly bounded solution to the integral Eq. (A.4). Specifically, the strength of convergence to the GSS is
dictated by the factor

I'A) = (A.12)

1<J<n [|Re[/1 ]|]
and the validity of the contraction mapping is determined by maximum magnitude of forcing A. O

Theorem 1 provides a local existence and uniqueness result for a generalized steady state (GSS) that is confined to a 5-size ball close
to the origin. Eq. (A.5) and Theorem 1 are generalizations of the results stated in Jain et al. [14] for periodic and quasi-periodic forcing.
Assumption (A3) conditions provide conservative estimates on the magnitude of external forcing A. Faster convergence to the GSS is
guaranteed only if the maximum forcing magnitude is small and the system is highly damped. Most physical setups will experience
much larger forcing and suffer from low damping, rendering Picard-type iterations for obtaining a unique GSS computationally
intractable.

Appendix B. Deriving the GSS Taylor coefficients from recursions used in SSMTool

We first rewrite the left-hand side of Eq. (34) as

[ v q 4 v 2n q Yi
S(Zwo)| -[E0(Za0)| ®
oY) =1 oAY)

Lg=1 \j=1 q=1i

Expanding each of the multi-monomial functions appearing in the sum-product, we obtain

si(zee)| g zone|

Lg=1 i= q=1 i=1 ¥i 2
=1 ki q 2n
j=lzl 1 Kjilj=v

By grouping y;! with the product outside the bracket and also moving the first summation to the inside of the bracket, we can
rearrange terms to match the factor Eq. (23) appearing in the multivariate Faa Di Bruno formulas Constantine and Savits [50]. The
multi-monomial expansion brings out the index set Eq. (25) as well, where the vectors /; by definition of the GSS Taylor expansion
are already ordered. Hence, we have justified the use of already existing compositional structure from SSMTool to compute the GSS
Taylor expansion coefficients.

Appendix C. Derivation of Q ;(51) for second-order systems

We diagonalize the matrix 1 ; in Eq. (45),

vl D DG )
“2w;4/¢2 -1\ - - +
J
where we have

- <_gj N/ 1>wj. ©2)

We expand explicitly the exponential appearing in the integral Eq. (50) using Eq. (C.1) to obtain

—A.
TN S R Ve R Y S (C.3)
A A 0 e -5 J\ 4 1
2w 4/E2 -1\ - +
J J

We substitute this expression into the integral Eq. (50) and perform the integration under the assumption that the forcing [¢(s +1)];
is piecewise linear in the interval [0, 5¢]. The integrals arising from this are

1 < @y (A — et )ds 4+ Lt [ s(emAes — et ds > €4
ot 5t > .
afy (=

—260,\/4‘].2_—1 —Aye S+ A_e7A-5)ds + ﬁra [ s(—Apem M+ A_emh-5)ds
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where the terms « and g are defined as,
a=[UT¢0];, B=[U"¢G+50];.

The integrals in Eq. (C.4) can be evaluated by using the fundamental scalar exponential integrals,

ot — A6t
s 1—e

e Mds = _
O }.

and
ot s | 5t
/ seMds = [——e"“ - —26_“] .
0 A A 0
For ¢; # 1 and ¢; > 0, we obtain the matrix expression for Q?(&t) and Qj (61),

“(6) = QU(or) = — [q” qlz],
Qon=afion=——=[1

where the matrix entries are

o = 1 — e—A-dt 1= oAt 1 _ﬂeﬁfa‘; _ L[Lgr + 1) _ﬂe—@at _ Le—@ér " 1 i
A Ay 5t A A2 A2 Ay 2 A2

"
1 ot e _ 1 e, 1 ot e L e, 1
=— || -0 — —e A ) | —me M - e — )
d =7 [( 7 ¢ /Ee o /1+e /ﬁe z

e iabt _ gmior _ 1| (50=rubt " L - L\ (_gemrcet _ L aar + 1 ’
5t A, 1, A i

1 et L e 1 et _ L aer, 1
= — | sre™ M0 4 —e M0 — — ) — [ —sre™*0 — —eA-0 4 — ).
=5 [( ¢ 3¢ 1, ¢ P A

For the case when {; = 1, we take the limit limgﬁlQ;f(ét) to derive the matrix expression for Q;(Sz), we obtain

Ub)

Q<(s1) = [5111 qlz]
; )

D1 b))

with the matrix entries,

4y = i(l — (] +@,61)), 4 = Le‘“’/’&(a}j&t— 1+ e,
cof w}?
1 o, ) 1 . )
0y = w—je “05’(—1 + @0 - w;6t), ay = w_je "/5’(1 + ;51— i),

Appendix D. Convergence analysis for GSS Taylor expansions for increasing forcing amplitude

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

Here, we illustrate the convergence of the GSS Taylor expansions as the amplitude of external forcing is increased. We compute
GSS approximations up to order 15 for the same forcing realization used to generate the results in Fig. 5a. In Fig. D.1a, we show plots

comparing four GSS expansions, the autoencoder + LSTM model and the full model.

The O(1) GSS does not match the full model response, hence confirming that this external forcing realization triggers a nonlinear
forced response. We also find that an O(5) GSS approximation suffices to capture the full response with reasonable accuracy. There is
no noticeable difference in accuracy between the higher-order Taylor expansions O(10) and O(15) of the GSS. However, if we slightly
increase the overall magnitude of the external forcing, the O(10) and O(15) Taylor expansions of GSS provide improved accuracy
compared to the O(5) GSS approximation (see Fig. D.1b). This illustrates that increasing the order of Taylor expansions of the GSS

generally results in convergence to the true response.
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Fig. D.1. (a) Normalized displacement trajectories of the middle mass in the oscillator chain (see Section 4.2) for the full model (black), the
autoencoder + LTSM model (green), the O(1) GSS (blue), the O(5) GSS (orange), the O(10) GSS (red) and the O(15) GSS (dark red). (b) Same as in
(a) but for a forcing realization with a larger forcing magnitude. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Appendix E. GSS results for periodic forcing

In this section, we assume that the external forcing is a quasiperiodic function with g rationally incommensurate frequencies
Q € T4. We can then write the integrand in Eq. (38) as

o) = ) gt (E.1)
Kkez4
Using this form, we explicitly evaluate the integrals in Eq. (38). We focus here on the general damping case, and compute integral
formulas for Eq. (40) in the quasiperiodic setting. This results in the expression,

) (—/lj+i(k,0>)6t -1
L.(1,60) = z‘ [VTg, ] ek <—e ) (E.2)
J J i
o= —4; +i(k, Q)

We bring attention to the term in the denominator in Eq. (E.2). This term will develop a singularity when the eigenvalues of the
system are in near-resonance with integer linear combinations of the external forcing function’s frequencies. We remark that this
conclusion is absent if one derives formulas for Eq. (40) using the linear piecewise assumption, which only had a singularity when
A;=0.

! We demonstrate the sensitive dependence on parameters of our GSS formulas, when we evaluate forced response curves (FRCs)
for the oscillator chain model described in Section 4.2 with periodic forcing now applied to the 5th mass in the chain. We further
consider three different physical setups of the oscillator chain, with different damping parameters ¢ = 0.01 [Ns/m] (low damping), ¢ =
0.1 [Ns/m] (medium damping) and ¢ = 3 [Ns/m] (high damping) but same linear and nonlinear stiffness parameters as in Section 4.2.

(a) (b) , , (c) ,
High damping Medium damping ‘ Low damping
1 1.8
0.95 L6 25
0.9
0.85 o 14
g ——True £
w08 ——0(1) GSS exact £12
= ——0(10) GSS periodic
0.75 o(7) GSS 1 —— True
0.7 ——O(1) GSS exact ——True
08 ——0(10) GSS periodic LB ——O(1) GSS exact
0.65 ) 0O(7) GSS ——0(10) GSS periodic
0(7) GSS
0.6 0.6
0.15 0.2 0.25 0.3 0.35 0.4 5 - 35 .
0.15 0.2 0.25 0.3 0.35 ° o 0 2 0.2 0.25 Qo.s 0.35 0.4
Q

Fig. E.1. Forced response curves (FRC) of the full model (black), linear GSS (red), periodic O(10) GSS (blue) and O(7) GSS (green circle) for the
cases when the damping matrix is (a) highly damped (b) mid damping and (c) lowly damped. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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We refer to the GSS calculated using the formula Eq. (E.2) as GSS periodic and at each GSS expansions order we use 5 Fourier
modes to compute Eq. (E.2). Since the forcing is periodic, we also calculate the GSS of the linear system exactly, this we label as
O(1) GSS exact. Fig. E.1 (a)—(c), plots the FRCs for the three different damping regimes. We observe that calculating an O(7) GSS
approximation using the piecewise linear approximation of the forcing is reliable across damping cases when the system is not near
the resonant frequency. We notice that an O(10) GSS periodic approximation is able to predict well away from the resonant frequency,
but in the low and medium damping case the singularity clearly shows up. This exercise has demonstrated that the formulas for the
GSS we have derived are consistent with the periodic setting as well. Further, it also cautions the user that GSSTool is not suitable
to use for predicting responses for near resonant periodic forcing. One should use continuation methods coupled with periodic SSM-
reduced models (see Jain and Haller [49], Li et al. [62], and Li et al. [64]), these have been successful and also are computationally
fast to compute FRCs.

Appendix F. LSTM training procedure

The architecture and training configurations for the autoencoder (AE) and long short-term memory (LSTM) models, as applied in
this study, are as follows:

As proposed for this oscillator chain by Simpson et al. [44], the encoder consists of three layers: The first two are dense, 20-
dimensional linear and tanh activated layers, respectively. A final dense bottleneck layer reduces the dimension of the latent space.

In contrast, the corresponding decoder mirrors the encoder, reconstructing the input from the compressed representation. While
increasing the number of retained dimensions generally improves data recovery, it also raises the number of trainable parameters and
computational load in the subsequent computation. As indicated in the example, a bottleneck dimension of nine proved to optimize
the trade-off between dimensionality reduction and fidelity in recovery performance (see Simpson et al. [44]). This results in a total
of 2069 trainable parameters.

We follow the steps outlined in Simpson et al. [44] by training the network on the initial 5,000-time steps of a simulated displace-
ment history using an Adam optimizer with gradient clipping and an exponentially decaying learning rate to minimize the risk of
overfitting.

Following which a two-layer stacked LSTM network is trained. The LSTM network is composed of two tanh-activated layers with
27 and 20 dimensions, respectively, followed by a linear activation output layer with nine dimensions. This configuration yields a
total of 8241 trainable parameters. The network is trained on the first 5000 time steps and validated on the following 2000 steps
using a gradient-clipped Adam optimizer with exponential learning rate decay.

We use a second, LSTM initialized with pre-trained weights and in the stateful mode for response prediction in the reduced space.
The stateful LSTM maintains its state across batches, which is necessary to predict sequentially based on previous time steps. We
iteratively predict one step ahead based on the 50 time steps. Since the LSTM network’s memory dependence limits predictions on
the first timesteps, we pad the forcing signal with zeros at the start.

We repeat a similar procedure for a stochastically forced von Kdrman beam example in Section 4.5. We found the approach to be
easily implementable to that setting given one single realization of the forcing. The training procedure resulted in double the number
of trainable parameters for the AE compared to the oscillator chain, with the LSTM network dimension remaining more or less the
same. The minimal dimension of the latent space of the AE + LSTM model was found to be 6. The dimension of the AE + LSTM
model was selected based on two criteria: low normalized mean trajectory error (NMTE) for the AE reconstruction (see Fig. F.1a) and
low NMTE for the long-term predictions of the AE + LSTM model on the validation dataset (see Fig. F.1b).

We observe that smaller training sets lead to worse predictions on test data. Throughout our examples, we use the 50/10 splitting
for training and validation, which offers lower errors on validation data and also does not use up a lot of the forcing response.

x1072
°
0.3
3.5
E30
= E 02
2 ° s
°
2.5
0.1 —o— Train
: Validation
° ° —o— Test
20 5 6 7 8 3 75710715 50/107/40 30/10/60 15/10/75 5/10/85
Latent space dimension Train / Val / Test Split (%)
(a) (b)

Fig. F.1. (a) Normalized mean trajectory error comparisons for increasing AE dimension for the von Kdrmén beam example for 50/10 splitting for
training and validation of the forcing data. (b) Normalized mean trajectory error comparisons for different training, testing and validation partitions
of the single forcing response for the von Kdrméan beam example with a 6D AE+LSTM model.
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Fig. F.2. Time evolution for the normalized transverse displacement response of the free end of the von Kdrmén beam subject to stochastic ground
excitations. The AE +LSTM (6D) prediction is shown in green, and the AE + LSTM (11D) is shown in dark green. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

We also baseline our AE+LSTM model choice with a higher-dimensional AE, which has roughly 33,000 parameters, an 11-fold
increase in trainable parameters compared to our autoencoder architecture. Due to the increase in trainable parameters, we use a
70/10 split for training and validation to characterize the new architecture’s latent space effectively. Our algorithm found that the
minimal dimension of the latent space was 11. In Fig. F.2, we compare the low- and high-dimensional AE + LSTM models’ predictions
on unseen forcing data. We see that the 6D AE+LSTM model’s predictions have lower errors and faster run times than those of
the 11D AE+LSTM model. Overall, higher-dimensional AE+LSTMs may offer more trainable parameters to tune to better fit the
dynamics in the latent space. Still, they do not guarantee a performance boost once the predictions are lifted to the physical space.

Appendix G. Padé and Taylor GSS comparisons

We illustrate here the divergent behavior of the Taylor expansions for GSS under large forcing values. This particular GSS Taylor
approximation was computed using the leading order forced SSM-reduced model of the cantilevered von Kdman beam. Fig. G.1 shows
in orange an O(20) GSS approximation, wherein the trajectory oscillates rapidly with large values and grows as time increases. Using
formulas Eq. (57), we compute a [10, 10] vector Padé approximation using the computed Taylor expansions. These rational functional
approximations converge to the full response for both the axial and transverse degrees of freedom of the beam’s free end.

We also plot the O(1) GSS approximation, which has a bounded response but fails to accurately track the amplitudes of the full
model’s GSS. We recall that this is a linear GSS of the SSM-reduced dynamics, but once lifted via the SSM parametrization it becomes

(a) x10°° (b)

-3
0 ‘ x10 i —TFull model (time integration)
157 0(20) GSS z*(t)
02+t O(1) GSS z*(t)
1l Pade([10,10] GSS z*()
-04 + i
— 0.5 1
E -0.6 1 i 'g'
= 0
» -0.8F 1 K
N 8
TRl model (time integration) | 05
| 0(20) GSS 2 (1) |
1.2 0(1) GSS z*(¢) 1r 1
4 Pade[10,10] GSS z*(t)
75 80 85 90 95 100 50 55 60 65 70 75 80

t [s] ¢ [s]

Fig. G.1. (a) Axial and (b) transverse displacement trajectory plots for the full model (black), Taylor approximation of the GSS (gold), linear GSS
(pink) and vector Padé approximation of the GSS (red). (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)
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a nonlinear response, and hence provides a reasonably large response in the axial degrees of freedom. Our analysis indicates that
a vector Padé approximation improves the accuracy of the GSS approximation dramatically from the Taylor expansions and also
provides better refinement than a simple linear GSS calculation.
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