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ABSTRACT
Slow spectral submanifolds (SSMs) are low-dimensional, attracting, invariant surfaces in the phase space of a dynamical system that carry the 
dominant nonlinear dynamics. Nearby trajectories rapidly converge to such slow SSMs and synchronize with its internal dynamics thereby 
enabling mathematically rigorous model reduction to the SSM. In general, oblique projections are required for optimally associating full 
trajectories off the SSM to their SSM-reduced counterparts. In this work, we establish a rigorous mathematical mapping of the SSM onto 
its tangent space via general oblique projections and develop a data-driven procedure to efficiently construct SSM-based reduced-order 
models using these projections. Our approach applies irrespective of the SSM dimension and assumes only limited trajectory information. 
We illustrate the method on numerical and experimental examples, including nonlinear beam oscillations and artificial muscle actuators.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0319241

Data-driven reduced-order modeling attracts growing interest 
in the analysis and control of nonlinear dynamical systems in 
various areas of applied science and engineering. Reduction to 
slow spectral submanifolds (SSMs) provides a mathematically 
rigorous approach to nonlinear model reduction, as system tra-
jectories rapidly synchronize with the internal dynamics of such 
slow SSMs. When nonlinear interactions are strong or when the 
linearized system exhibits pronounced non-normality, accurate 
parametrization of the SSM and identification of the reduced 
dynamics on it require oblique projections. Here, we develop a 
data-driven identification of such oblique projections from a lim-
ited amount of experimental data obtained from strongly non-
normal and nonlinear systems, applicable irrespective of the SSM 
dimension and independent of whether the underlying spectral 
subspace contains oscillatory or non-oscillatory modes.

I. INTRODUCTION
Reduced-order models attract growing interest in the scientific 

community due to the general need to describe complex nonlinear 
dynamical systems using low-dimensional equations. Such reduced 
models have the potential to provide accurate prediction, effective 

control, and fast parametric analysis, while retaining physical inter-
pretability. Low-dimensional models are particularly helpful when 
only experimental data are available and analytical models are not 
within reach. Numerous model reduction techniques seeking to 
meet this objective have been proposed in recent years (see Ben-
ner et al.,1 Rowley and Dawson,2 Taira et al.,3 Brunton et al.,4 and 
Ghadami and Epureanu5 for reviews).

Most contemporary data-driven model reduction schemes for 
time-varying datasets simply fit a parametrized family of linear 
or nonlinear dynamical systems to the available data. They do so 
without exploring and utilizing low-dimensional invariant struc-
tures in the phase space of a generic dynamical system that tend 
to govern the dominant behavior of the system. An exception to 
this approach is the recently emerged methodology of reduction to 
spectral submanifolds (SSMs). SSMs are low-dimensional invariant 
manifolds that are tangent to spectral subspaces of the linear part 
of a nonlinear system at a fixed point. Slow SSMs are tangent to 
the low-dimensional spectral subspaces of the same dimension that 
carry slow stable dynamics along with potential unstable dynam-
ics that the linearized system may have. Such slow SSMs form a 
continuous family but precisely one member of this family, the pri-
mary SSM, is as smooth as the original dynamical system under 
appropriate nonresonance conditions. The remaining members of 
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\begin {equation}\label {d1} \begin {array}{lll} \boldsymbol {\dot {x}} =\boldsymbol {f}\left ( \boldsymbol {x}\right )= \boldsymbol {A}\boldsymbol {x} + \boldsymbol {f}_0 \left ( \boldsymbol {x} \right ), & \boldsymbol {x} \in \mathbb {R}^n, & \boldsymbol {A} \in \mathbb {R}^{n \times n}, \\\noalign {\vskip 3pt} & \boldsymbol {f}_0 \in \mathcal {C}^r, & \boldsymbol {f}_0 = \mathcal {O}\left ( \left |\boldsymbol {x} \right |^2 \right ), \end {array}\end {equation}
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\begin {equation}\label {d2} \boldsymbol {F}^{\,t}\left ( \boldsymbol {x}_0 \right )= \boldsymbol {x}\left ( t; \boldsymbol {x}_0 \right ).\end {equation}
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\begin {equation}\label {d3} S = S_{j_1} \oplus S_{j_2} \oplus \dots \oplus S_{j_\ell }, \quad 1\leq \ell \leq n.\end {equation}
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\begin {equation}\label {d4} \boldsymbol {\dot {x}} = \boldsymbol {A}\boldsymbol {x}.\end {equation}


$\mathcal {F}_{\boldsymbol {p}} \in \mathcal {R}^n$


$\in $


$-$


$\mathcal {F}_{\boldsymbol {p}} \cap E = \boldsymbol {p}$


$\mathcal {F}_{\boldsymbol {p}}$


\begin {equation}\label {d5} \lambda _\ell \neq \sum _{j = 1}^{n} m_j \lambda _j, \quad \ell = 1, \dots , n,\quad m_j \in \mathbb {N},\quad \sum _{j = 1}^n m_j \ge 2\end {equation}
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\begin {equation}\label {d6} \boldsymbol {F}^{\,t} \left ( \mathcal {F}_{\boldsymbol {p}}\right )\subset \mathcal {F}_{\boldsymbol {F}^{\,t}\left ( \boldsymbol {p}\right )}, \quad t\geq 0.\end {equation}
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$\boldsymbol {V} \in \mathbb {R}^{n \times d}$


\begin {equation}\label {d7} \boldsymbol {\xi } = \boldsymbol {V}^{\mathrm {T}}\boldsymbol {q} \in \mathbb {R}^d\end {equation}


$=$


$\boldsymbol {k} \in \mathbb {R}^d$


\begin {equation}\label {d8} \boldsymbol {V}\boldsymbol {\xi } = \boldsymbol {V}\boldsymbol {V}^{\mathrm {T}}\boldsymbol {q} = \boldsymbol {V}\boldsymbol {V}^{\mathrm {T}}\boldsymbol {V} \boldsymbol {k} = \boldsymbol {V} \boldsymbol {k} = \boldsymbol {q},\end {equation}


$\boldsymbol {V}^\mathrm {T}\boldsymbol {V} = \boldsymbol {I} \in \mathbb {R}^{d \times d}$


$\mathcal {P}: \mathcal {F}_{\boldsymbol {p}} \mapsto \boldsymbol {p}$
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$\mathcal {Q}: \mathcal {F}_{\boldsymbol {p}} \cap \skew 3\tilde {U}\mapsto E$


$\boldsymbol {x} \in \mathcal {F}_{\boldsymbol {p}}$


$\mathcal {F}_{\boldsymbol {p}}$


\begin {equation}\label {d9} \mathcal {Q}: \boldsymbol {x} \mapsto \boldsymbol {q} = \mathcal {F}_{\boldsymbol {p}} \cap E, \quad \boldsymbol {x} \in \mathcal {F}_{\boldsymbol {p}} \cap \skew 3\tilde {U}.\end {equation}


\begin {equation}\label {d10} \mathcal {P} \circ \mathcal {P} = \mathcal {P}, \quad \mathcal {Q} \circ \mathcal {Q} = \mathcal {Q}.\end {equation}
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$\boldsymbol {S}^t: \mathbb {R}^d \to \mathbb {R}^d$


$\xi $


\begin {equation}\label {d11} \boldsymbol {S}^t \left ( \boldsymbol {V}^{\mathrm {T}}\mathcal {Q}(\boldsymbol {x})\right )= \boldsymbol {V}^{\mathrm {T}}\mathcal {Q}\left ( \boldsymbol {F}^{\,t}(\boldsymbol {x})\right ).\end {equation}


$=$


\begin {align}\label {d12} \dot {\boldsymbol {\xi }} = \boldsymbol {r}(\boldsymbol {\xi })=\boldsymbol {V}^{\mathrm {T}}\boldsymbol {D}\mathcal {Q}(\boldsymbol {x})\boldsymbol {f}(\boldsymbol {x}), \quad \boldsymbol {\xi } = \boldsymbol {V}^{\mathrm {T}}\mathcal {Q}(\boldsymbol {x}), \quad \boldsymbol {r}(\boldsymbol {\xi }):= \left .\frac {\partial }{\partial t}\boldsymbol {S}^t(\boldsymbol {\xi })\right |_{t=0}.\end {align}


\begin {equation}\label {d13} \hat {\boldsymbol {h}}: E \cap \skew 3\tilde {U} \to \mathcal {W}(E), \quad \hat {\boldsymbol {h}}(\boldsymbol {q})= \boldsymbol {p},\end {equation}
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\begin {equation}\label {d14} \boldsymbol {h}: \mathbb {R}^d \to \mathcal {W}(E), \quad \boldsymbol {h}(\boldsymbol {\xi })= \hat {\boldsymbol {h}}\left ( \boldsymbol {V} \boldsymbol {\xi }\right ),\end {equation}
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\begin {equation}\label {d15} \dot {\boldsymbol {x}}|_{\mathcal {W}(E)} = \boldsymbol {D}\boldsymbol {h}|_{\mathcal {W}(E)}\dot {\boldsymbol {\xi }}.\end {equation}


\begin {equation}\label {d16} \begin {gathered} \dot {x}_1 ={-}\alpha x_1 + \delta x_2 + \mu x_2^2 \\ \dot {x}_2 ={-}\beta x_2 + \gamma x_1^2 \end {gathered}, \quad \beta \gt \alpha \gt 0.\end {equation}


$E = \{\boldsymbol {x} \in \mathbb {R}^2 | x_2 = 0 \}$


$\mathcal {W}(E)$


\begin {equation}\label {d17} \begin {gathered} x_1 = h_1\left ( \xi \right )= h_{11} \xi + h_{12}\xi ^2 + \mathcal {O}\big (\xi ^3\big ), \\ x_2 = h_2\left ( \xi \right )= h_{21} \xi + h_{22}\xi ^2 + \mathcal {O}\big (\xi ^3\big ), \end {gathered}\end {equation}


\begin {equation}\label {d18} \dot {\xi } = r\left ( \xi \right )= r_1 \xi + r_2 \xi ^2 + \mathcal {O}\big (\xi ^3\big ).\end {equation}
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\begin {equation}\label {d19} \xi = \boldsymbol {V}^{\mathrm {T}} \mathcal {Q}(\boldsymbol {x}).\end {equation}
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\begin {equation}\label {d20} \xi = k_1 x_{1} + k_2 x_2 + k_3 x_1^2 + k_4 x_1 x_2 + k_5 x_2^2 + \mathcal {O}(|\boldsymbol {x}|^3).\end {equation}
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\begin {align}\label {d21} \xi &= \boldsymbol {V}^{\mathrm {T}}\mathcal {Q}(\boldsymbol {x})= x_1 + \frac {\delta }{\beta - \alpha }x_2 - \frac {2\gamma }{\beta }\left ( \frac {\delta }{\beta - \alpha } \right )^2 x_1 x_2 \nonumber \\ &\quad + \frac {1}{2\beta - \alpha }\left \{ \mu - \gamma \left ( \frac {\delta }{\beta -\alpha }\right )^2 \left [ 2\frac {\delta }{\beta } + \left ( \frac {\delta }{\beta -\alpha }\right )\right ]\right \}x_2^2 \nonumber \\ &\quad + \mathcal {O}(|\boldsymbol {x}|^3)\end {align}


\begin {equation}\label {d22} \dot {\xi } = r(\xi )={-}\alpha \xi + \gamma \frac {\delta }{\beta -\alpha }\xi ^2 + \mathcal {O}\big (\xi ^3\big ).\end {equation}
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\begin {equation}\label {d23} \begin {gathered} x_1 = \xi - \frac {\gamma \delta }{\left ( \beta - \alpha \right )\left ( \beta - 2\alpha \right )} \xi ^2 + \mathcal {O}\big (\xi ^3\big ), \\ x_2 = \frac {\gamma }{\beta -2\alpha } \xi ^2 + \mathcal {O}\big (\xi ^3\big ). \end {gathered}\end {equation}
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\begin {equation}\label {d24} \boldsymbol {q} = \mathcal {Q}(\boldsymbol {x})= \boldsymbol {Q}\boldsymbol {x}, \quad \boldsymbol {Q} \in \mathbb {R}^{n \times n},\end {equation}


\begin {equation}\label {d25} \boldsymbol {\xi } = \boldsymbol {V}^{\mathrm {T}}\boldsymbol {Q}\boldsymbol {x}.\end {equation}


\begin {equation}\label {d26} \boldsymbol {V}^{\mathrm {T}} \boldsymbol {Q} \boldsymbol {f}\left ( \boldsymbol {x}\right )= \boldsymbol {r}\left ( \boldsymbol {V}^{\mathrm {T}} \boldsymbol {Q}\boldsymbol {x} \right ).\end {equation}


\begin {equation}\label {d27} \boldsymbol {Q} \boldsymbol {V} = \boldsymbol {V}\end {equation}


$\mathcal {W}(E)$


\begin {equation}\label {d28} \boldsymbol {Q} = \boldsymbol {V}\left ( \boldsymbol {B}^{\mathrm {T}}\boldsymbol {V} \right )^{{-}1}\boldsymbol {B}^{\mathrm {T}},\end {equation}


$\boldsymbol {B} \in \mathbb {R}^{n \times d}$
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\begin {equation}\label {d29} \boldsymbol {B}^{\mathrm {T}}\dot {\boldsymbol {x}} = \boldsymbol {B}^{\mathrm {T}}\boldsymbol {V}\boldsymbol {r}\left ( \left ( \boldsymbol {B}^{\mathrm {T}}\boldsymbol {V} \right )^{{-}1}\boldsymbol {B}^{\mathrm {T}}\boldsymbol {x} \right ).\end {equation}
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$\boldsymbol {x} \in \mathbb {R}^p$


\begin {equation}\label {d30} \boldsymbol {x} = \left [ s(t), s(t + \tau ), s(t + 2\tau ), \dots , s\left ( t + (p-1)\tau \right )\right ]^{\mathrm {T}},\end {equation}
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\begin {equation}\label {d31} \dot {\boldsymbol {\xi }} = \boldsymbol {R}_{1:r}\boldsymbol {\xi }^{1:r}, \quad \boldsymbol {R}_{1:r} \in \mathbb {R}^{d \times r_i},\end {equation}
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\begin {align}\label {d32} \left ( \boldsymbol {B}^{{\star }}, \boldsymbol {R}_{1:r}^{{\star }}\right )= \arg \min _{\boldsymbol {B}, \boldsymbol {R}_{1:r}} \left \| \boldsymbol {B}^{\mathrm {T}} \dot {\boldsymbol {x}} - \boldsymbol {B}^{\mathrm {T}}\boldsymbol {V}\boldsymbol {R}_{1:r}\left ( \left ( \boldsymbol {B}^{\mathrm {T}}\boldsymbol {V} \right )^{{-}1}\boldsymbol {B}^{\mathrm {T}}\boldsymbol {x} \right )^{1:r} \right \|^2,\end {align}
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\begin {equation}\label {d33} \boldsymbol {Q}^\star {=} \boldsymbol {V}\left ( {\boldsymbol {B}^\star }^{\mathrm {T}}\boldsymbol {V} \right )^{{-}1}{\boldsymbol {B}^\star }^{\mathrm {T}}.\end {equation}


\begin {equation}\label {d34} \boldsymbol {\xi } = \boldsymbol {V}^{\mathrm {T}}\boldsymbol {Q}^\star \boldsymbol {x}.\end {equation}
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\begin {equation}\label {d35} \boldsymbol {x} = \boldsymbol {V}\boldsymbol {\xi } + \boldsymbol {M}_{2:m} \boldsymbol {\xi }^{2:m},\end {equation}
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\begin {equation}\label {d36} \boldsymbol {M}_{2:m}^\star {=} \arg \min _{\boldsymbol {M_{2:m}}} \left \| \boldsymbol {x} - \boldsymbol {V}\boldsymbol {\xi } - \boldsymbol {M}_{2:m} \boldsymbol {\xi }^{2:m} \right \|^2,\end {equation}


\begin {equation}\label {d37} \boldsymbol {V}^{\mathrm {T}}\boldsymbol {Q}\boldsymbol {M}_{2:m} = \boldsymbol {0}.\end {equation}
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\begin {equation}\label {d38} {\rm NMTE} = \frac {\frac {1}{N} \sum _{j=1}^{N} \left \| \boldsymbol {x}(t_j)- \boldsymbol {\hat {x}}(t_j)\right \| }{ \max _{1 \le j \le N} \left \| \boldsymbol {x}(t_j)\right \| },\end {equation}
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\begin {equation}\label {d39} \begin {gathered} \dot {x}_1 = \alpha x_1 - \omega x_2 + \gamma x_1 x_3, \\ \dot {x}_2 = \omega x_1 + \alpha x_2 + \gamma x_2 x_3, \\ \dot {x}_3 ={-}\beta \left ( x_3 - x_1^2 - x_2^2\right ), \end {gathered}\end {equation}
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\begin {equation}\label {d40} \boldsymbol {\eta } = \left ( v(t), v(t + \Delta t), \dots , v(t + (p-1)\Delta t)\right )^{\mathrm {T}},\end {equation}
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\begin {equation}\label {d41} \mathrm {CRMSE}(t_k)= \frac {\sqrt {\frac {1}{k} \sum _{i = 1}^k \left ( x(t_i)- \hat {x}(t_i)\right )^2 }}{\max {|x |}},\end {equation}
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\begin {equation}\label {d42} \begin {gathered} \dot {\rho }_1 ={-}0.46 \rho _1 - 12.33 \rho _1^3 + 0.20 \rho _1 \rho _2^2, \\ \dot {\theta }_1 = 768.89 - 49.50 \rho _1^2 - 4.55 \rho _2^2, \\ \dot {\rho }_2 ={-}3.12 \rho _2 - 31.33 \rho _1^2 \rho _2 - 12.08 \rho _2^4, \\ \dot {\theta }_2 = 1529.31 - 41.19 \rho _1^2 - 26.79 \rho _2^2. \end {gathered}\end {equation}
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\begin {equation}\label {dA2} \begin {gathered} q_1 = \mathcal {Q}_1(\boldsymbol {x})= p_{11} x_1 + p_{12} x_2 + p_{13} x_1^2 + p_{14} x_1 x_2 + p_{15} x_2^2, \\ q_2 = \mathcal {Q}_2(\boldsymbol {x})= p_{21} x_1 + p_{22} x_2 + p_{23} x_1^2 + p_{24} x_1 x_2 + p_{25} x_2^2. \end {gathered}\end {equation}
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\begin {equation}\label {dA4} \dot {\xi } = r_1 \xi + r_2 \xi ^2.\end {equation}


$\relax _{\kern -\mathsurround \mathrm {\textit {d}}\kern -\mathsurround }$


\begin {equation}\label {dA5} N_d = \binom {d + M}{M} - 1 .\end {equation}


$\mathcal {Q}(\boldsymbol {x})$


\begin {equation}\label {dA6} \mathcal {Q}(\boldsymbol {x})= \boldsymbol {V} k(\boldsymbol {x}),\end {equation}


$k \in \mathbb {R}^d$


\begin {equation}\label {dA7} k(\boldsymbol {x})= k_1 x_1 + k_2 x_2 + k_3 x_1^2 + k_4 x_1 x_2 + k_5 x_2^2.\end {equation}


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


\begin {equation*}(n + d) N_M + dN_d = 17.\end {equation*}


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


\begin {equation*}n N_M = 10\end {equation*}


\begin {equation*}\mathcal {Q}\left (\mathcal {Q}(\boldsymbol {x})\right ) = \mathcal {Q}(\boldsymbol {x}),\end {equation*}


\begin {equation}\label {dA8} k\left ( \boldsymbol {V}k(\boldsymbol {x})\right )= k(\boldsymbol {x}),\end {equation}


\begin {equation*}dN_d = 2\end {equation*}


\begin {equation}\label {dA9} \begin {gathered} k_1 v_1 + k_2 v_2 = 1, \\ k_3 v_1^2 + k_4 v_1 v_2 + k_5 v_2^2 = 0. \end {gathered}\end {equation}


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {\textit {M}}\kern -\mathsurround }$


$=$


\begin {equation}\label {dA10} \begin {gathered} \mathcal {O}(x_1): \qquad -\alpha k_1 = r_1 k_1, \\ \mathcal {O}(x_2): \qquad k_1 \delta - k_2 \beta = r_1 k_2, \end {gathered}\end {equation}


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


\begin {equation}\label {dA11} k_1 \left ( -\alpha v_1 + \delta v_2 \right )+ k_2 \left ( -\beta v_2 \right )= r_1 \left ( k_1 v_1 + k_2 v_2\right ),\end {equation}


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$=$


$-$


$\alpha $


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


\begin {equation}\label {dB1} \dot {\boldsymbol {x}} = \boldsymbol {A}\boldsymbol {x}, \quad \boldsymbol {A} = \begin {pmatrix} -1 & \gamma \\ 0 & -\alpha \end {pmatrix}.\end {equation}


$\boldsymbol {V} \in \mathbb {C}^{p \times m}$


$\lambda _1, \dots , \lambda _m$


\begin {equation}\label {dC1} \boldsymbol {V} = \begin {pmatrix} 1 & 1 & \cdots & 1 \\ e^{\lambda _1 \tau } & e^{\lambda _2 \tau } & \cdots & e^{\lambda _m \tau } \\ e^{2\lambda _1 \tau } & e^{2\lambda _2 \tau } & \cdots & e^{2\lambda _m \tau } \\ \vdots & \vdots & \ddots & \vdots \\ e^{\left ( p-1\right )\lambda _1 \tau } & e^{\left ( p-1\right )\lambda _2 \tau } & \cdots & e^{\left ( p-1\right )\lambda _m \tau } \\ \end {pmatrix}.\end {equation}


$\tau $


$\min (\boldsymbol {V}_i^{\mathrm {T}} \cdot \boldsymbol {V}_j) = 1$


$\relax _{\kern -\mathsurround \mathrm {\textit {i}}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {\textit {j}}\kern -\mathsurround }$


$-$
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the family, the secondary (or fractional) SSMs, have reduced differ-
entiability at the fixed point (see Haller6 for a general introduction 
to the subject).

SSM theory offers a rigorous mathematical generalization of 
nonlinear normal modes (NNMs), originally introduced in the sem-
inal work of Shaw and Pierre7,8 and further developed by Shaw 
et al.9 The mathematical foundation for SSMs in systems with sta-
ble hyperbolic fixed points was later established by Cabré et al.10 
and Haller and Ponsioen.11 As trajectories converge to an attract-
ing primary SSM, they synchronize exponentially fast with a specific 
trajectory on the SSM, making the internal dynamics of the primary 
SSM a smooth, nonlinear reduced-order model of the full dynamics. 
Classical linearization theory near hyperbolic fixed points further 
ensures that off-SSM initial conditions, which converge fastest to 
a specific on-SSM initial condition, form an (n − d)-dimensional 
surface, where n is the dimension of the full system and d is the 
dimension of the SSM. This surface is known as the stable fiber 
whose base point is the on-SSM initial condition just mentioned. 
Stable fibers have the same smoothness as the full dynamical sys-
tem and form a smooth foliation in a neighborhood of the SSM. 
Importantly, this foliation is invariant under the flow map, meaning 
that stable fibers are mapped into stable fibers by the full flow map 
(see Wiggins,12 Szalai,13,14 and Haller6 for more discussion), while 
individual fibers are not invariant.

In data-driven SSM constructions, available trajectories typi-
cally evolve from initial conditions located off the primary SSM. 
For the accurate reconstruction of the SSM-reduced dynamics, it 
is essential to identify the base points of the stable fibers that con-
tain the initial conditions of the available trajectories. As shown in 
Bettini et al.,15 if an off-SSM initial condition lies close to a nearly 
flat SSM and the slow and fast eigenspaces at the fixed point are 
nearly orthogonal, then a simple orthogonal projection onto the 
SSM suffices to locate the corresponding on-SSM stable fiber base 
point. Such an SSM-based orthogonal projection has provided sev-
eral accurate SSM-reduced order models that have successfully pre-
dicted both unforced and forced responses in equation-based and 
data-driven contexts (see Haller,6 Haller and Ponsioen,11 Cenedese 
et al.,16,17 Axås et al.,18 Cenedese et al.,19 Haller and Kaundinya,20 and 
Bettini et al.21).

In many experiments, however, only a single observable is 
available, requiring delay embedding for manifold reconstruction 
(Takens22). In such cases, the slow and fast subspaces of the lin-
earized system are typically strongly non-orthogonal in the delay-
embedding space. This non-normality is evident in structural 
vibration data from resonance-based gravity tests (Brack et al.23) 
and is similarly widespread in fluid dynamics (Trefethen et al.,24 
Schmid and Henningson,25 and Trefethen and Embree26). The non-
orthogonality between eigenspaces requires more refined projection 
techniques to accurately map initial conditions to the SSM-based 
basepoints of the stable fibers containing them.

To this end, Roberts27 formulated a nonlinear partial differen-
tial equation to compute nonlinear oblique projections along the 
stable fibers for center manifolds. As this equation is difficult to solve 
in practice, Roberts28 also proposed a numerical approach based on a 
series expansion around equilibria to approximate these projections.

In the context of input–output systems, the projection direc-
tion is connected to the observability and controllability of states. 

Highly observable states strongly influence future outputs, while 
highly controllable states are those most easily excited by inputs. 
These properties are quantified by the observability and controlla-
bility Gramians. Holmes et al.29 showed that POD modes align with 
the dominant eigenvectors of the controllability Gramian, mean-
ing that a projection onto these modes retains the most controllable 
states. However, system dynamics are more influenced by the most 
observable states, since perturbations in their direction significantly 
alter future outputs. Finding a coordinate transformation so that 
the most controllable states coincide with the most observable ones 
(i.e., observability and controllability Gramians are equal and diag-
onal for a linear system) is the idea behind the balanced truncation, 
pioneered by Mullis and Roberts30 and Moore31 and balanced POD 
(Rowley32) for linear time-invariant systems.

Projection in the balanced coordinates corresponds to an 
oblique projection along the fibers, inherently accounting for non-
normality (see Antoulas33 and Gugercin et al.34). Various formu-
lations for linear time-invariant systems exist (see Gugercin and 
Antoulas,35 and Benner and Breiten36 for a review), and balanced 
POD has been widely applied to wall-bounded shear flows (see 
Ilak and Rowley,37,38 Ahuja and Rowley,39 Bagheri et al.,40 and 
Barbagallo et al.41). Extensions to nonlinear systems were pro-
posed by Scherpen42 and Scherpen and Van der Schaft,43 introduc-
ing energy functions as nonlinear analogs of the Gramians. The 
resulting nonlinear oblique projections, however, involve costly and 
ill-conditioned transformations (see Gray and Scherpen44). Recent 
efforts to approximate these energy functions via Taylor series 
expansions have improved computational tractability (Fujimoto and 
Tsubakino45 and Kramer et al.46,47). Otto et al.48 demonstrated that 
balancing adjoint-based sensitivity information with the variance 
of states along trajectories, in the construction of a linear oblique 
projection, already yields an accurate representation of nonlinear 
shear-dominated fluid flows.

Exact reconstruction of stable fibers from experimental data 
is particularly challenging, as trajectories decay exponentially fast 
toward the slow manifold, leaving limited information about the 
fiber geometry. An inspection of examples of Szalai13,14 shows that 
an accurate recovery of the stable foliation near an SSM requires 
data volumes, resolutions, and initial condition distributions that 
are unfeasible in experimental settings. For instance, Szalai14 approx-
imates the local stable foliation of a 1D SSM in a 2D system using 500 
trajectories with uniformly distributed initial conditions across the 
phase space. Moreover, the computational burden increases steeply 
with system dimension: while SSM reduction involves a single
d-dimensional manifold, fiber reconstruction targets a d-dimens-
ional family of (n − d)-dimensional manifolds. In continuum sys-
tems, this becomes intractable as n → ∞.

Otto et al.49 proposed a method for constructing nonlinear 
oblique projections using an autoencoder neural network, wherein 
the encoder enforces a projection and the decoder defines the mani-
fold. The projection direction is learned by minimizing the discrep-
ancy between the time derivative of projected trajectories and the 
reduced dynamics on the manifold. This approach requires large 
datasets, e.g., 1000 training trajectories in one example.

In many cases, a linear approximation of stable fibers is suf-
ficient for effective model reduction, when non-normality between 
slow and fast eigenspaces dominates over nonlinear effects.41,48,50–53 
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For nonlinear, but linearizable systems, this is discussed in detail by 
Haller and Kaszás.54

As a recent development, Bettini et al.15 have identified the 
overall impact of the fast dynamics in the data, rather than identi-
fying the fast subspace itself. Specifically, they construct an oblique 
projection along stable fibers by finding the linear mapping from 
the full observable space to the slow spectral subspace that min-
imizes the oscillations in the backbone curve (i.e., instantaneous 
amplitude-frequency curve) of a decaying trajectory observed under 
that projection. This approach is highly data-efficient, enabling the 
reconstruction of decaying trajectories and the prediction of forced 
response curves from a single decaying trajectory in experimental 
data. The method, however, is limited to underdamped oscillatory 
systems reducible to 2D SSMs, for which well-defined backbone 
curves exist. Finally, Kogelbauer and Karlin55 and Buurmeijer et al.56 
recently proposed methods that approximate oblique projections by 
minimizing long-term prediction errors. However, these approaches 
generally yield projections that violate foliation invariance and 
hence do not align with the true fiber directions.

In this work, we develop a new approach to oblique projections 
for SSM-based model reduction by exploiting foliation invariance. 
Specifically, we identify the correct projection direction along sta-
ble fibers and use it to construct a consistent SSM parametrization. 
While our treatment encompasses both linear and nonlinear oblique 
projections, linear oblique projections often already provide accu-
rate results and can be realistically constructed from experimental 
data (see Bettini et al.15). Importantly, we do not attempt to recon-
struct the full fast foliation or explicitly identify the fast subspace, 
as both of these are typically high (or even infinite) dimensional 
in practically relevant model reduction problems. Our approach is 
applicable to both oscillatory and non-oscillatory systems, regard-
less of the dimension of the SSM. It only requires experimentally 
feasible amounts of data, thus overcoming key limitations of prior 
methods.

The structure of this paper is as follows. In Sec. II, we review 
the concept of SSMs and present a method to parametrize them 
from trajectory data via general oblique projections along nonlinear 
and linear approximations of stable fibers. Section III implements 
this approach to obtain data-driven SSM-based reduced-order mod-
els using linear oblique projections. Finally, Sec. IV demonstrates 
the application of this new data-driven method to both numerical 
simulations and experimental data.

II. SETUP
A. Spectral submanifolds

Consider an autonomous dynamical system of the form

ẋ = f (x) = Ax + f0 (x) , x ∈ Rn, A ∈ Rn×n,

f0 ∈ Cr, f0 = O
(︁
|x|

2
)︁

,
(1)

for some integer r ≥ 1. We assume that A is diagonalizable and 
f(0) = 0, so that the origin is a fixed point of the system. We further 
assume that this fixed point is hyperbolic. Trajectories {x(t; x0)}t∈R
of this system evolve from initial conditions x0. The flow map
F t : Rn

→ Rn is defined as the mapping taking x0 at t0 = 0 to the 

final position x at time t, i.e.,

F t (x0) = x (t; x0) . (2)

In the linear part of system (1), each eigenvalue λj of the matrix 
A determines a corresponding real eigenspace Ej. The definition of 
the eigenspace Ej depends on whether λj is real or complex. When 
λj is a real eigenvalue, Ej is the one-dimensional span of the cor-
responding real eigenvector. When λj is a complex eigenvalue, the 
eigenspace Ej is spanned by the real and imaginary parts of one of 
the associated complex-conjugate eigenvectors, yielding a real two-
dimensional invariant subspace. A spectral subspace S is the direct 
sum of ℓ such eigenspaces, i.e.,

S = Sj1 ⊕ Sj2 ⊕ · · · ⊕ Sjℓ , 1 ≤ ℓ ≤ n. (3)

For simplicity, we assume the x = 0 fixed point is asymptotically sta-
ble, i.e., Re(λj) < 0 for all j. Among all spectral subspaces, the one 
corresponding to the slowest decaying modes is of particular inter-
est. Such a slow subspace, denoted by E, is associated with a group 
of eigenvalues of A whose real parts are closest to zero. As a result, 
generic trajectories of the linearized system decay faster toward E 
than they decay inside E.

As shown in Haller and Ponsionen,11 based on the results by 
Cabré et al.,10 under suitable smoothness and nonresonance condi-
tions, E admits a unique nonlinear continuation in the full nonlinear 
system (1). This continuation is an invariant manifold, known as the 
primary spectral submanifold (SSM), and is denoted by W(E). The 
manifold W(E) is a class Cr invariant manifold that is tangent to E at 
the origin and has the same dimension as E. Furthermore, W(E) is 
the smoothest among all invariant manifolds with the same dimen-
sion and tangency properties. Therefore, the dynamics on W(E)

gives a mathematically rigorous and the smoothest possible model 
of the full dynamics of system (1) with which all nearby trajectories 
synchronize exponentially fast.

B. Stable foliation in linear and nonlinear systems
Consider the linear part of system (1), namely,

ẋ = Ax. (4)

The set Fp ∈ Rn of initial conditions that synchronize at the fastest 
rate with an initial condition p ∈ E is an (n − d)-dimensional plane, 
parallel to the fast subspace F so that Fp ∩ E = p. The plane Fp is 
often called the stable fiber with basepoint p [see Fig. 1(a)].

In the corresponding nonlinear system (1), if the nonresonance 
conditions

λℓ ̸=

n∑︂
j=1

mjλj, ℓ = 1, . . . , n, mj ∈ N,
n∑︂

j=1

mj ≥ 2 (5)

are satisfied, then the Cr-linearization result of Sternberg57 implies 
the smooth persistence of the stable fibers of the linearized system 
(4) in the full nonlinear system (1) in a neighborhood U of the ori-
gin (see Haller6 for more detail). Specifically, the stable fibers Fp

are (n − d)-dimensional, Cr smooth surfaces containing the initial 
conditions that converge to the trajectory through their basepoint 
p ∈ W(E) at the fastest rate. As in the linear system (4), the stable 
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FIG. 1. Spectral submanifold and stable foliation geometry. (a) Linearized system (4). (b) Nonlinear system (1).

fibers of the nonlinear system (1) form an invariant family, i.e.,

F t
(︁
Fp

)︁
⊂ FF t

(︁
p
)︁, t ≥ 0. (6)

In a neighborhood Ũ ⊂ U of the origin, the spectral subspace E is 
Cr-close to the SSM W(E) and hence each nonlinear stable fiber 
Fp of system (1) intersects E transversely in a unique point q ∈ E. 
As a consequence, if V ∈ Rn×d is a matrix whose columns form an 
orthonormal basis in E, then

ξ = VTq ∈ Rd (7)

can be used as a coordinate representation of q within E. Further-
more, since q is in the range of V, we have q = Vk for some k ∈ Rd, 
and hence

Vξ = VVTq = VVTVk = Vk = q, (8)

where we have used VTV = I ∈ Rd×d.
Let P : Fp ↦→ p denote the projection map from the stable fiber 

Fp to its basepoint, p ∈ W(E). Similarly, let Q : Fp ∩ Ũ ↦→ E denote 
the map taking x ∈ Fp to the unique intersection point q of Fp with 
E, i.e.,

Q : x ↦→ q = Fp ∩ E, x ∈ Fp ∩ Ũ. (9)

We note the relations

P ◦ P = P , Q ◦ Q = Q. (10)

In terms of the ξ coordinates of q, VTQ induces a projected flow 
St : Rd

→ Rd that can be used to track the time evolution of the fiber 
basepoint p in the ξ coordinates. Specifically, from the relations (8) 

and (9), we obtain

St
(︁
VTQ(x)

)︁
= VTQ

(︁
F t(x)

)︁
. (11)

Fixing the initial condition x, differentiating (11) with respect to t 
and setting t = 0 gives

ξ̇ = r(ξ) = VTDQ(x)f(x), ξ = VTQ(x), r(ξ) :=
∂

∂t
St(ξ)

⃓⃓⃓⃓
t=0

.

(12)

We also note that the mapping

ĥ : E ∩ Ũ → W(E), ĥ(q) = p, (13)

is a Cr diffeomorphism between the fiber points p, q ∈ Fp. By 
Eqs. (13) and (8), we also obtain another diffeomorphism

h : Rd
→ W(E), h(ξ) = ĥ (Vξ) , (14)

which gives W(E) as an embedding of E ∩ Ũ into Rn. Since W(E) is 
invariant, it satisfies the invariance equation

ẋ|W(E) = Dh|W(E)ξ̇ . (15)

1. Example 1
To illustrate the concepts introduced so far, let us consider the 

system

ẋ1 = −αx1 + δx2 + µx2
2

ẋ2 = −βx2 + γ x2
1

, β > α > 0. (16)
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Noting that the 1D slow spectral subspace is E = {x ∈ R2
|x2 = 0}, 

we seek the slow SSM W(E) in the form

x1 = h1 (ξ) = h11ξ + h12ξ
2
+ O

(︁
ξ 3

)︁
,

x2 = h2 (ξ) = h21ξ + h22ξ
2
+ O

(︁
ξ 3

)︁
,

(17)

with the reduced dynamics

ξ̇ = r (ξ) = r1ξ + r2ξ
2
+ O

(︁
ξ 3

)︁
. (18)

Here the reduced coordinate ξ within E is defined by the still 
unknown nonlinear projection

ξ = VTQ(x). (19)

Given that the tangent space is V = (1, 0)T, Eq. (19) can be 
written in the form (see Appendix A)

ξ = k1x1 + k2x2 + k3x
2
1 + k4x1x2 + k5x

2
2 + O(|x|

3). (20)

Imposing conditions (10) yields k1 = 1 and k3 = 0. Moreover, equat-
ing powers of x1 and x2 in the invariance equation (12), we obtain 
the stable fibers satisfying the equations

ξ = VTQ(x) = x1 +
δ

β − α
x2 −

2γ

β

(︃
δ

β − α

)︃2

x1x2

+
1

2β − α

{︄
µ − γ

(︃
δ

β − α

)︃2 [︃
2

δ

β
+

(︃
δ

β − α

)︃]︃}︄
x2

2

+ O(|x|
3) (21)

and the reduced dynamics

ξ̇ = r(ξ) = −αξ + γ
δ

β − α
ξ 2

+ O
(︁
ξ 3

)︁
. (22)

Finally, exploiting the fact that the tangent space is spanned by 
V = (1, 0)T and equating powers of ξ in the invariance equation for 
the SSM (15) gives

x1 = ξ −
γ δ

(β − α) (β − 2α)
ξ 2

+ O
(︁
ξ 3

)︁
,

x2 =
γ

β − 2α
ξ 2

+ O
(︁
ξ 3

)︁
.

(23)

This example also illustrates the crucial role of the nonresonance 
condition (5) in guaranteeing the existence of the SSM, as potential 
resonant terms appear in the denominator of Eq. (23). Appendix A 
provides further details on how to ensure that all unknowns 
in the oblique projection, the reduced dynamics, and the SSM 
parametrization can be uniquely identified.

The phase space geometry and the computed quantities are 
shown in Fig. 2.

C. Linear oblique projections
In certain systems, the geometry of fibers is primarily shaped 

by the non-orthogonality of slow and fast eigenspaces, rather than 
by nonlinear effects. Furthermore, in many experimental applica-
tions, the data tend to lie close to the primary SSM, as trajectories 
converge to it rapidly. As the numerical and experimental examples 

FIG. 2. Phase space of Example 1. The slow SSM, W(E), is parametrized as an 
embedding of E into R2 along the stable fibers according to Eq. (23). The SSM is 
plotted by substituting Eq. (21) into Eq. (23) and solving for a range of x1 and x2
values, while the fibers are plotted by implicitly solving Eq. (21) for various base 
points. Notably, the fiber passing through the origin corresponds to the fast SSM, 
W(F). The values of the parameters are α = 1, β = 2.7, δ = 0.5, µ = 1.5, and 
γ = 0.7.

in Bettini et al.15 show in such situations a linear oblique projection 
is sufficient to approximate the stable fiber geometry near the slow 
SSM. In the ideal limit of exactly linear fibers, this projection would 
recover the fiber geometry exactly. Away from this limit, the lin-
ear oblique projection is a local approximation of the true nonlinear 
fiber geometry. Under such a linear approximation, we have a linear 
oblique projection

q = Q(x) = Qx, Q ∈ Rn×n, (24)

which induces the reduced coordinates

ξ = VTQx. (25)

The invariance equation (12) now reads

VTQf (x) = r
(︁
VTQx

)︁
. (26)

The condition

QV = V (27)

ensures that the range of the projection Q coincides with the slow 
spectral subspace E, tangent to the primary slow SSM W(E). As 
shown in Banerjee and Roy,58 any linear projection operator Q can 
be decomposed as

Q = V
(︁
BTV

)︁−1
BT, (28)

where the columns of B ∈ Rn×d span F⊥, the orthogonal comple-
ment of the fast subspace F and kernel of the projection Q, as seen 
in Fig. 3. The decomposition (28) enforces the idempotency of the 
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FIG. 3. Geometry of the linear oblique projection Q. Figure adapted from Bettini 
et al., Chaos 35, 043135 (2025). Copyright 2025 Author(s), licensed under a 
Creative Commons Attribution (CC BY) license.15

projection Q by construction. Plugging the decomposition (28) into 
Eq. (26), subject to the constraint (27), we obtain

BTẋ = BTVr
(︂(︁

BTV
)︁−1

BTx
)︂

. (29)

Equation (29) shows that enforcing the invariance of the foliation via 
linear oblique projection onto E is equivalent to imposing invariance 
via the orthogonal projection onto F⊥, where F is the fast subspace 
and the kernel of the oblique projection. Furthermore, as noted by 
Rowley and Dawson2 and Bettini et al.,15 it is more practical to work 
with F⊥ spanned by the columns of B, rather than with F itself. 
This is because F⊥ shares the same low dimensionality as the slow 
spectral subspace E, whereas F is typically high-dimensional. In fact, 
its dimension becomes infinite in practical applications involving 
continua.

III. DATA-DRIVEN MODELING OF STABLE FIBER 
PROPERTIES

Reconstructing the full slow foliation from data is impractical, 
as it requires capturing fast-decaying transients and hence demand-
ing an extremely dense sampling of the phase space. This presents 
a fundamental challenge: on the one hand, accurate reduced-order 
modeling relies on the fast dynamics decaying quickly toward 
the primary SSM; on the other hand, reconstructing the foliation 
requires access to precisely those transient components that van-
ish quickly. As an inspection of previous equation-driven efforts for 
fiber reconstruction shows (Szalai13,14 and Otto et al.49), resolving the 
foliation structure typically requires hundreds or even thousands of 
trajectories. In a purely data-driven setting, fiber reconstruction is 
often proceeded by ad hoc fits of very low dynamical systems to the 
data to keep the dimension of the fast subspace low (Szalai14).

As already noted, an exact nonlinear reconstruction of the sta-
ble foliation is often unnecessary and a linear approximation of 
the stable fibers near the underlying slow SSM suffices (see Fig. 4). 

Building on the observation that typical experimental initial con-
ditions fall on fractional SSMs, Bettini et al.15 developed a data-
efficient method to approximate the projection along stable fibers 
linearly. This approach identifies the oblique projection that mini-
mizes oscillations in the backbone curve and can approximate the 
local stable foliation near a slow SSM using a single decaying tra-
jectory. A limitation of this approach is that it is only applicable to 
two-dimensional SSMs constructed over oscillatory linear modes.

Here, we overcome these limitations by computing the 
linear oblique projection by solving the foliation’s invariance 
equation (29), as detailed below. This enables the simultaneous iden-
tification of the reduced coordinates parametrizing the SSM and 
its reduced dynamics. Related data-driven approaches also learn 
reduced coordinates together with reduced dynamics (see Cham-
pion et al.59 and Padovan et al.60). In contrast to the autoencoder-
SINDy approach of Champion et al.,59 our method derives the 
reduced coordinates from the invariance of the fiber foliation rather 
than from representation learning. While Padovan et al.,60 similarly 
to Otto et al.,49 define reduced coordinates via oblique projections 
relative to the manifold, here obliqueness refers to the non-normal 
orientation between slow and fast subspaces. Moreover, those stud-
ies focus on numerical examples, whereas the present work also 
demonstrates applicability to experimental data.

The proposed procedure applies to observable data from an 
autonomous dynamical system and consists of the following steps:

1. Identifying the SSM and observable space dimensions. In the 
presence of oscillatory behavior, we perform a spectrogram anal-
ysis of the decaying data by examining its power spectral density 
(PSD), which reveals the number of active modes contained in 
the signal in time. The dimension d of the corresponding SSM 
is then given by the dimension of the real spectral subspace 
required to accommodate these active modes persisting in time. 
In contrast, for non-oscillatory (overdamped) decaying experi-
mental data, we infer that the dynamics evolve on a dominant 1D 
SSM and, therefore, d = 1. By Whitney’s embedding theorem,61 
such a d-dimensional SSM can generically be embedded in a
p-dimensional observable space as long as p > 2d. Similarly, the 
Takens delay embedding theorem22 guarantees under nondegen-
eracy conditions that the d-dimensional SSM can be embedded 
in a space formed by p delayed observations of a single generic 
observable s(t) as long as p > 2d. In practice, larger values of 
delay-embedding space dimension p are often required, since the 
data do not lie exactly on the SSM to be embedded. Specifically, 
the delay-embedded vector x ∈ Rp is formed as

x =
[︁
s(t), s(t + τ), s(t + 2τ), . . . , s

(︁
t + (p − 1)τ

)︁]︁T
, (30)

where τ  is the time delay.
2. Tangent space computation. The tangent space E to the pri-

mary SSM contains the reduced coordinates used to parametrize 
the manifold. We seek a matrix V ∈ Rp×d whose columns span 
E. Moreover, we enforce the additional constraint VTV = I, such 
that VTQV = VTV = I. In practice, V is typically computed using 
singular value decomposition (SVD) on decaying data (see Bet-
tini et al.15 and Axås et al.18).

3. Oblique projection and reduced dynamics computation. 
We now aim to determine a linear oblique projection that 
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FIG. 4. Comparison of different projection methods onto the slow SSM W(E) to determine the reduced initial condition from a given initial condition in the phase space. 
Top: initial condition far from W(E). Bottom: initial condition near W(E).

approximates the exact fiber properties Q introduced in Eq. (28). 
Specifically, we seek the matrix B ∈ Rp×d, while simultaneously 
identifying the coefficients of the reduced dynamics. We approx-
imate the reduced dynamics as a multivariate polynomial of 
degree r

ξ̇ = R1:rξ
1:r, R1:r ∈ Rd×ri , (31)

where ξ 1:r denotes the vector of all monomials up to degree r in 
the reduced coordinates. To compute both B and R1:r, we solve 

the following optimization problem:

(︁
B⋆, R⋆

1:r

)︁
= arg min

B,R1:r

⃦⃦⃦⃦
BTẋ − BTVR1:r

(︂(︁
BTV

)︁−1
BTx

)︂1:r
⃦⃦⃦⃦2

,

(32)

where ∥ · ∥ refers to the 2-norm. The initial guesses for B and 
R1:r are constructed, respectively, from V and a diagonal matrix 
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of eigenvalues corresponding to the slow subspace of the lin-
earized dynamics, with the nonlinear terms initially set to zero. 
The optimization problem is solved through the BFGS Quasi-
Newton algorithm (see Broyden,62 Fletcher,63 Goldfarb,64 and 
Shanno65) for unconstrained multivariable optimization prob-
lems. Equation (32) involves the numerical time derivative of the 
data, which we compute using finite differences. The accuracy of 
this approximation is crucial for overall model quality. For this 
reason, we employ a central finite-difference scheme based on 
four adjacent points in each time direction.66 To ensure stabil-
ity of the numerical differentiation, noisy data are preliminarily 
bandpass filtered, retaining the persistent frequencies identified 
in the spectrogram while removing components due to experi-
mental acquisition and measurement noise.The resulting oblique 
projection is

Q⋆
=V

(︂
B⋆TV

)︂−1
B⋆T. (33)

The reduced coordinates used to parametrize the SSM and 
describe the reduced dynamics are then obtained as

ξ = VTQ⋆x. (34)

4. SSM parametrization computation. We approximate the pri-
mary SSM, W(E), as an embedding of its tangent space E, using 
a multivariate polynomial of order m. The manifold is expressed 
as

x = Vξ + M2:mξ 2:m, (35)

where ξ 2:m denotes the collection of all monomials in ξ of degree 
2 to m and M2:m contains the corresponding coefficients. These 
coefficients are determined by solving the following constrained 
regression problem:

M⋆
2:m= arg min

M2:m

⃦⃦
x − Vξ − M2:mξ 2:m

⃦⃦2
, (36)

subject to the constraint

VTQM2:m = 0. (37)

IV. APPLICATIONS
To illustrate the algorithm described in Sec. III, we begin with 

a 2D system with real modes, then consider a system with mixed 
oscillatory and real modes, previously studied by Otto et al.49 For this 
system, we show that the algorithm developed here achieves accurate 
data-driven model reduction using orders of magnitude fewer tra-
jectories. Next, we apply our approach to a 4D system, followed by 
several experimental case studies comparing orthogonal and oblique 
projection methods.

In these examples, we use the normalized mean trajectory error 
(NMTE) as a measure of the average deviation between the predicted 
and actual trajectories to assess the accuracy of the data-driven 
model we obtain. As introduced by Cenedese et al.,16 the NMTE is 

defined as

NMTE =

1
N

∑︁N
j=1

⃦⃦
x(tj) − x̂(tj)

⃦⃦
max1≤j≤N

⃦⃦
x(tj)

⃦⃦ , (38)

where x denotes the true trajectory, x̂ denotes the corresponding 
model prediction, and N denotes the total number of observations.

A. Two-dimensional problem with real modes
We first reconsider the Example 1 [see Eq. (16)] with param-

eters α = 1, β = 2.7, δ = 0.8, µ = 0.2, and γ = 0.15. As seen in 
Fig. 5(a), the nonlinear stable fibers in this problem are well approx-
imated by a linear foliation, over the 1D slow SSM. In this example, 
the full phase space is assumed to be observable. Three trajectories 
are used for training, and both the SSM and its reduced dynamics 
are approximated through quadratic polynomials. The method is 
then tested on a trajectory located far from the primary SSM [black 
thick line in Fig. 5(a)]. As seen in Figs. 5(a) and 5(b), the oblique 
projection yields the optimal initial condition on the SSM, whose 
time evolution converges to the true trajectory the fastest, achieving 
NMTE = 1%. In contrast, the SSM-based model constructed with 
orthogonal projection onto the SSM produces NMTE = 2.2%.

B. Vortex shedding behind a cylinder
We now consider the system studied in Otto et al.,49 origi-

nally introduced by Noack et al.67 as a simplified model for vortex 
shedding behind a circular cylinder,

ẋ1 = αx1 − ωx2 + γ x1x3,

ẋ2 = ωx1 + αx2 + γ x2x3,

ẋ3 = −β
(︁
x3 − x2

1 − x2
2

)︁
,

(39)

with parameters α = 0.1, ω = 1, γ = −0.1, and β = 10. This system 
features a saddle-type fixed point at the origin and an attracting limit 
cycle on the 2D unstable manifold of the fixed point.

In our setting, orthogonality or obliqueness is defined with 
respect to the tangent space E of the SSM at the origin. In contrast, 
Otto et al.49 define these projection types with respect to the mani-
fold itself. In this example, what is termed oblique projection in their 
work corresponds to an orthogonal projection in our formulation, 
since the foliation in this example turns out to be orthogonal to the 
tangent space E, as can be verified from Eq. (39).

As a further difference, while the approach of Otto et al.49 
requires training on 1000 trajectories to reconstruct the SSM and 
fiber directions via an autoencoder, the method developed here 
achieves the same using only two trajectories.

Figure 5(c) shows the data-driven fifth-order approximation 
of the 2D SSM parametrization and a linear approximation of the 
fibers. As shown in Fig. 5(d), the reduced-order model accurately 
predicts the evolution of a test trajectory initialized far from the 
SSM, with an error of NMTE = 0.6%.

C. Mechanical oscillator chain
We now revisit the two benchmark examples from Bet-

tini et al.15 to enable direct comparison and show that the new 
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FIG. 5. Phase space representations of a two-dimensional system with real modes (a) and a 3D system with one oscillatory and one real mode (c). The green dashed line in 
(a) and green points in (c) represent the reconstructed SSMs obtained from data via the SSM-based model with linear oblique projection. The orange dashed lines show the 
reconstructed slow stable foliations, and the thick black lines denote the test trajectories. The plots (b) and (d) show the temporal comparison between the test trajectories 
and the model predictions, 1D in (b) and 2D in (d). In (b), both orthogonal and oblique projections are compared, whereas in (d), the two projections coincide.

method presented here achieves similar accuracy in predicting 
forced responses using only decaying trajectory data. These exam-
ples include numerical simulations of a two-degree-of-freedom 
mechanical system (see Fig. 6) and experimental data from a non-
linear beam, as discussed in Sec. IVA–C of Bettini et al.15 The 
first system has two oscillatory modes (n = 4), while the second is 

infinite-dimensional (n = ∞). In both cases, we seek a 2D, data-
driven SSM-based reduced-order model (d = 2), using a linear 
oblique projection to approximate the nonlinear fiber projection Q.

Shown in Fig. 6, the mechanical system, slightly modified from 
that of Shaw and Pierre,7 is observed through the coordinates y1 = q1

and y2 = q2 − q1, resulting in strongly non-normal slow and fast 
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FIG. 6. Geometry of the two-degree-of-freedom mechanical system studied in 
Shaw and Pierre,7 modified here by adding a damper between the left mass and 
the wall. Reproduced from Bettini et al., Chaos 35, 043135 (2025). Copyright 2025 
Author(s), licensed under a Creative Commons Attribution (CC BY) license.

subspaces in phase space (see Bettini et al.15). This leads to oscilla-
tions in the backbone curve of decaying trajectories lying outside 
the primary SSM W(E), even in the linear regime [see Figs. 7(a) 
and 7(b), gray line]. The backbone is extracted from decaying data 
using the peak-finding and fitting (PFF) algorithm of Jin et al.68 
While Bettini et al.15 exploited this linear-regime behavior to con-
struct linear oblique projections, the present approach does not rely 
on identifying the linear regime or the availability of a backbone 
curve.

We perform an SSM reduction via oblique projection on the 
2D slow manifold W(E) following the procedure in Sec. III. Using 
the notation therein, the phase space has dimension n = 4, the 
reduced model dimension is d = 2, and the observable space is 
the phase space (p = n = 4). Both the reduced dynamics and the 
SSM parametrization are approximated by polynomials up to order 
r = m = 5.

The SSM-reduced model is trained on a single decaying tra-
jectory. As shown by Cenedese et al.16 and implemented in the 
open-source code SSMLearn, backbone and forced response curve 
predictions can be extracted directly from the polar normal form of 
the SSM-reduced dynamics, without requiring numerical integra-
tion. As seen in Figs. 7(a) and 7(b), the results obtained using the 
method presented here are comparable to those reported in Bettini 
et al.,15 but are obtained under less restrictive assumptions.

D. Experimental beam vibrations
Our next example from Bettini et al.15 involves data from a non-

linear beam, experiment conducted by Brack et al.23 A driven beam 
(transmitter) generates gravitational forces that excite a nearby res-
onator beam (receiver) through bending vibrations. The interaction 
between the transmitter and receiver beams is exploited to esti-
mate the gravitational constant between the two beams. The forced 
response curves measured near the lowest bending modes of the 
transmitter beam exhibit pronounced nonlinear behavior [black 
dots in Figs. 7(c) and 7(d)].

We measure the velocity of the beam near one of its free ends. 
The spectrogram analysis of the decaying data suggests the presence 
of a single persisting mode, hence we choose d = 2. From this single 

scalar observable, we construct a p = 6 delay-embedded state vector

η =
(︁
v(t), v(t +Δt), . . . , v(t + (p − 1)Δt)

)︁T
, (40)

where v(t) denotes the single velocity measurement at the laser mea-
surement point and Δt = 6 × 10−4 s corresponds to the reciprocal 
of the sampling frequency. The choice of p satisfies the condition 
p > 2d, which ensures a valid embedding of the two-dimensional 
SSM via a generic observable (Takens22). The overembedding, i.e., 
value of p larger than the minimal needed to embed the manifold, 
helps the SSM identification, as the data do not lie exactly on it.

The training data consist of a single decaying trajectory, 
recorded after external forcing, applied at a specific amplitude and 
frequency, is switched off. Testing data consist of forced response 
curves collected at various excitation levels over a range of frequen-
cies. Both the parametrization of the primary SSM W(E) and its 
reduced dynamics are approximated using seventh-order polynomi-
als. As shown in Figs. 7(c) and 7(d), the method proposed here for 
constructing the linear oblique projection accurately reproduces the 
experimental forced response curves, yielding results comparable to 
those obtained by the approach presented in Bettini et al.15

In our data-driven identification of the oblique projection, as 
described in Sec. III, we solve the optimization problem (32). In 
this example, the initial condition for the matrix B, which spans the 
orthogonal complement of the fast subspace, is obtained from the 
slowest mode of the adjoint of the linearized system.

E. Artificial muscle actuator for soft robotics
We now consider a second experimental example: an electro-

fluidic actuator known as a Hydraulically Amplified Self-Healing 
Electrostatic (HASEL) actuator, which serves as an artificial soft 
muscle in musculoskeletal robots (Acome et al.,69 Buchner et al.,70 
Gravert et al.71). These actuators represent a particularly promis-
ing technology due to their simplicity, compliance, and high power 
density. Each HASEL unit consists of a polymer pouch filled with 
dielectric fluid and partially coated with compliant electrodes. Upon 
the application of high voltage, electrostatic forces induce deforma-
tion in the pouch, redistributing the internal fluid and generating a 
net contraction. Extension occurs passively in response to external 
forces, such as gravity, when a mass is attached at the actuator tip, or 
through antagonistic action in multi-actuator assemblies.

The experimental setup used in our study, shown in Fig. 8(b), 
was designed and fabricated by the Soft Robotics Lab at ETH (see 
Bettini et al.72) and consist of an array of 15 HASEL pouches. Each 
pouch is 4.5 cm wide and 2 cm long, with electrodes covering 50% of 
its surface. The shell is made from a 15 µm-thick heat-sealable Mylar 
film, while black carbon ink serves as the electrode material. Silicone 
oil is used as the dielectric fluid. Displacement measurements are 
obtained using a laser sensor positioned at the bottom of the actuator 
array.

Due to the complex coupling of soft material mechanics, 
electrostatics, fluid dynamics, and frictional contacts, develop-
ing a first-principles analytical model of HASEL actuators is 
extremely challenging. This motivates the use of data-driven mod-
eling approaches, which are crucial for real-time control and inte-
gration of HASELs in more sophisticated artificial muscle systems 
(Bettini et al.72).
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FIG. 7. Comparison of the predictions obtained from SSM-based reduced-order models using normal and oblique projections for the four-dimensional mechanical system 
[(a) and (b)] and the experimental nonlinear beam [(c) and (d)].
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FIG. 8. HASEL actuator characterization and modeling. (a) Working principle of a HASEL actuator: electrostatic forces induced by high voltage application cause the 
polymer pouch to deform, redistributing the internal dielectric fluid and generating net contraction. (b) Experimental setup consisting of a Peano-HASEL with 15 pouches 
mounted vertically, with a payload and a laser sensor for the measurement system. (c) Comparison of prediction errors for a test trajectory using one-dimensional SSM-based 
reduced-order models constructed with orthogonal projection (magenta) and oblique projection (cyan).

Although adiabatic SSMs (Haller and Kaundinya20) are desir-
able for control purposes, the present work focuses instead on 
identifying the SSM of the autonomous system at a single operating 
condition, namely, under a constant applied voltage. Specifically, we 
fix the voltage at 6.5 kV and generate different initial conditions by 
applying sudden voltage perturbations around this reference value, 
followed by an immediate return to it. The system, though infinite-
dimensional, exhibits underdamped decay in its laser-measured 
displacement response, indicating a dominant 1D SSM.

Figure 8(c) compares predictions of a test trajectory from one-
dimensional SSM-based reduced-order models constructed using 
orthogonal and oblique projection in terms of the cumulative root 
mean square error (CRMSE), defined as

CRMSE(tk) =

√︂
1
k

∑︁k
i=1

(︁
x(ti) − x̂(ti)

)︁2

max |x|
, (41)

where x and x̂ denote the test trajectory and the corresponding 
model prediction. The two models achieve NMTEs of 1.2% and 
0.4%, respectively.

Both the parametrization and reduced dynamics are approx-
imated with fifth-order polynomials. The models are trained on 
a single decaying trajectory using a delay-embedded observable 
space with embedding dimension p = 3, constructed from delayed 
measurements of the scalar displacement observable. The training 
trajectory is taken among the dataset publicly available in Bettini 
et al.72 Notably, the linear oblique projection employed here could 
not have been computed using the approach of Bettini et al.,15 as 
the decaying trajectories under consideration exhibit no oscillatory 
behavior and therefore do not admit a well-defined backbone curve. 
In other words, the dominant dynamics is governed by a 1D slow 
SSM which is not accessible to the approach developed by Bettini 
et al.15

F. Resonant double beam
In our final example, we test our procedure using oblique 

projection-based SSMs of dimension greater than two. The exper-
imental setup is the same as studied in Cenedese et al.,17 consisting 
of a C-shaped external beam surrounding an internal beam, with 
the two beams connected through three bolts [see Fig. 9(a)]. Both 
beams are made of aluminum 6061-T6. Additionally, a linear spring 
connects the tip of the external beam to a fixed rigid frame in 
the transversal direction. Scalar transient velocity measurements of 
the inner beam tip, obtained via laser scanning vibrometry, reveal 
the presence of two resonant frequencies at 122.4 and 243.4 Hz, as 
shown in the spectrogram of Fig. 9(b). This indicates a 1:2 inter-
nal resonance, prompting the use of a 4D SSM-based reduced-order 
model to capture the two resonant modes. This is further confirmed 
by examining the data in reduced coordinates in Fig. 9(c), which 
cannot lie on a 2D SSM and instead require a higher-dimensional 
manifold reduction. Transient vibrations are recorded over 3 s at a 
sampling rate of 5120 Hz, generated by an impulse hammer applied 
at three different locations along the system span.

Using the same training data as in Cenedese et al.,17 we 
observe that while the SSM-based reduction with orthogonal pro-
jection required a high-dimensional observable space (p = 94), the 
present approach with oblique projection allows a significant reduc-
tion in the observable space dimension to p = 14. This reduces the 
computational burden while yielding comparable results. The SSM 
parametrization and the reduced dynamics are approximated with 
a cubic order expansion, leading to the following reduced-order 
model in normal form coordinates

ρ̇1 = −0.46ρ1 − 12.33ρ3
1 + 0.20ρ1ρ

2
2 ,

θ̇1 = 768.89 − 49.50ρ2
1 − 4.55ρ2

2 ,

ρ̇2 = −3.12ρ2 − 31.33ρ2
1ρ2 − 12.08ρ4

2 ,

θ̇2 = 1529.31 − 41.19ρ2
1 − 26.79ρ2

2 .

(42)
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FIG. 9. (a) Experimental setup of the double beam system exhibiting a 1:2 internal resonance. (b) Spectrogram of the decaying data in terms of power spectral density (PSD), 
highlighting the two slow resonant modes. (c) Example of a training trajectory represented in three reduced coordinates. The underlying geometry of the data suggests that a 
reduction to a 2D SSM is insufficient, necessitating a higher-dimensional reduction. (d) Prediction of a test trajectory using the SSM-based reduced-order model constructed 
via oblique projection.

The SSM-reduced model (42) is then validated on test trajectories. 
Figure 9(d) shows the prediction of one test trajectory using the 
SSM-based reduced-order model with oblique projection, achiev-
ing an NMTE = 1.74%, compared to the NMTE = 1.95% using the 
SSM-based reduction with orthogonal projection used by Cenedese 
et al.17

V. CONCLUSIONS
We have extended data-driven SSM reduction to incorporate 

general oblique projections, independent of the dimension of the 
SSM and of the oscillatory or non-oscillatory nature of the modes 

contained in the underlying spectral subspace. This improves the 
SSMLearn algorithm for constructing SSM-based reduced-order 
models from data. Specifically, originally restricted to orthogonal 
projections onto slow subspaces and later extended to linear oblique 
projections for 2D oscillatory SSMs, the algorithm now accommo-
dates linear oblique projections without constraints on the dimen-
sion of the SSM or the nature of the data, whether oscillatory or 
non-oscillatory.

Our methodology provides a well-founded procedure for con-
structing oblique projections from the full phase space, or, generally, 
from the space of observables, onto the slow subspace, along the 
directions defined by the stable fibers emanating from the SSM. 
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Importantly, we do not seek to reconstruct the full fast foliation or 
explicitly characterize the fast subspace, as these are prohibitively 
high (or even infinite) dimensional in practical model reduction 
problems.

In typical experimental settings, trajectories originate near the 
primary SSM and rapidly converge onto it. As these trajectories do 
not lie strictly on the SSM, they retain sufficient fast-mode content 
for a linear approximation of the oblique projection. Simultane-
ously, their rapid convergence ensures accurate recovery of both 
the SSM parametrization and the associated reduced dynamics. This 
observation allows our method to operate effectively with substan-
tially less data than existing approaches, which generally require 
dense trajectory ensembles to resolve the full foliation structure.

We have applied this technique to various examples, both 
numerical and experimental, and across different SSM dimensions. 
While our current applications exhibit fast convergence to the pri-
mary SSM, thereby justifying the use of a linear approximation for 
the oblique projection, there may well exist systems in which this 
assumption fails. In such cases, a more accurate, nonlinear recon-
struction of the fiber geometry from data may be necessary to further 
improve the fidelity of the SSM-based reduced-order model.
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APPENDIX A: REDUCTION ALONG NONLINEAR 
OBLIQUE PROJECTIONS IN EXAMPLE 1

In Example 1, we consider x = (x1, x2)
T

∈ Rn with n = 2, and 
we aim to construct a reduced-order model on the slow SSM, 
parametrized by ξ ∈ Rd with d = 1. Here,

ξ = VTQ(x), (A1)

where V = (1, 0)T and q = Q(x) = (Q1(x),Q2(x))T denotes the 
projected coordinates. Specifically, we express q1 and q2 as polyno-
mials in x1 and x2, truncated at quadratic order (M = 2),

q1 = Q1(x) = p11x1 + p12x2 + p13x
2
1 + p14x1x2 + p15x

2
2,

q2 = Q2(x) = p21x1 + p22x2 + p23x
2
1 + p24x1x2 + p25x

2
2.

(A2)

We recall that the number of monomials in n variables up to degree 
M, excluding the constant term, is NM, with

NM =

(︃
n + M

M

)︃
− 1, (A3)

and that we have n equations defining the oblique projection, since 
q ∈ Rn. The dynamics of the reduced coordinate ξ is also approxi-
mated by a polynomial

ξ̇ = r1ξ + r2ξ
2. (A4)

In general, this introduces d Nd unknown coefficients, with

Nd =

(︃
d + M

M

)︃
− 1. (A5)

Next, we impose that the range of the projection Q(x) lies along V, 
i.e.,

Q(x) = Vk(x), (A6)

where k(x) is a scalar function of x, i.e., generically, k ∈ Rd. We can 
also expand k(x) as a polynomial up to order M,

k(x) = k1x1 + k2x2 + k3x
2
1 + k4x1x2 + k5x

2
2. (A7)

We note that k1 and k2 cannot both be equal to zero, as this would 
contradict the linearized phase-space decomposition into slow and 
fast subspaces described in Sec. II A.

The total number of unknowns so far, based on Eqs. (A2)–(A7), 
is

(n + d)NM + dNd = 17.

By matching the powers of x1 and x2 in (A6), we obtain

nNM = 10

independent algebraic equations in the unknown coefficients. 
Imposing the idempotency of the projection,

Q (Q(x)) = Q(x),

or equivalently

k
(︁
Vk(x)

)︁
= k(x), (A8)

provides

dNd = 2

additional independent equations in the unknown coefficients. In 
particular, for Example 1, we have

k1v1 + k2v2 = 1,

k3v
2
1 + k4v1v2 + k5v

2
2 = 0.

(A9)

Considering now the invariance equation of the slow foliation 
(12) and matching powers of x1 and x2, we obtain dNM = 5 further 
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independent equations in the unknown coefficients. At each order, 
the number of equations coincides with the number of unknowns. 
The system can be solved recursively, proceeding in increasing 
order. At first order, the invariance equations for Example 1 read

O(x1) : −αk1 = r1k1,

O(x2) : k1δ − k2β = r1k2,
(A10)

where we have already used the first-order equations in (A6). Cou-
pling these relations with the first equation in (A9) allows us to 
uniquely determine r1, k1, and k2. Multiplying the first equation in 
(A10) by v1 and the second by v2, and summing them, we obtain

k1 (−αv1 + δv2) + k2 (−βv2) = r1

(︁
k1v1 + k2v2

)︁
, (A11)

which yields r1 = −α. At this point, we consider the first equation 
in (A9) together with one equation of (A10). They yield a linear sys-
tem for k1 and k2 that admits a unique solution. Once the first-order 
coefficients are determined, one can proceed to second order, where 
the equations form a linear system in the remaining unknowns that 
can be solved uniquely. In general, after solving the equations at 
a given order, the next order produces a linear system that can be 
solved uniquely. Finally, for the SSM parametrization, applying the 
SSM invariance equation (15) and enforcing tangency of the mani-
fold to V ensure that all terms in the polynomial approximating the 
SSM are uniquely identified, again by solving linear systems at each 
order.

APPENDIX B: OPTIMALITY CRITERIA FOR OBLIQUE 
PROJECTIONS

Identifying the correct direction for the oblique projection, 
namely, aligning it with the fibers of the slow foliation, amounts to 
minimizing the rate of convergence between the trajectory of the full 

system and that of the associated base point. We now demonstrate 
that recent approaches, such as those by Kogelbauer and Karlin55 
and Buurmeijer et al.,56 which seek the oblique projection that min-
imizes the deviation between the full and reduced trajectories over 
time, typically yield a direction that differs from the actual stable 
fiber directions even in linear examples.

We consider the two-dimensional shear system discussed in 
Kogelbauer and Karlin,55

ẋ = Ax, A =

(︃
−1 γ

0 −α

)︃
. (B1)

Figure 10(a) compares the time series resulting from three pro-
jection strategies: orthogonal projection, oblique projection along 
the direction of the fibers, and the error-minimizing oblique pro-
jection. Although the fiber-aligned projection may initially yield a 
larger projection error, making it suboptimal for minimizing the 
deviation, it ultimately exhibits the fastest convergence to the full 
trajectory. Furthermore, as shown in Fig. 10(b), only the fiber-
aligned projection accurately captures the geometry of the slow 
foliation: in particular, the leaf of the foliation passing through the 
origin coincides with the fast SSM in the fiber-aligned case, whereas 
it does not under the error-minimizing projection.

APPENDIX C: NON-NORMALITY IN DELAY-EMBEDDED 
SPACE

Axås and Haller73 demonstrate that in a delay-embedded 
observable space, if the linear spectrum is known, one can analyt-
ically construct the eigenvectors associated with the known eigen-
values. These eigenvectors are arranged in columns into a Vander-
monde matrix V ∈ Cp×m, where p denotes the number of delays 
of a scalar observable and m is the number of known modes with 

FIG. 10. (a) Time series comparison of different projection strategies for the system (B1). (b) Fiber reconstruction from oblique projections obtained through different 
strategies. The continuous green line and the dashed red line represent the slow and fast SSMs for the system (B1).
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eigenvalues λ1, . . . , λm. The matrix takes the form

V =


1 1 · · · 1

eλ1τ eλ2τ
· · · eλmτ

e2λ1τ e2λ2τ
· · · e2λmτ

...
...

. . .
...

e
(︁
p−1

)︁
λ1τ e

(︁
p−1

)︁
λ2τ

· · · e
(︁
p−1

)︁
λmτ

 . (C1)

By suitably selecting the number of delays p and the delay time 
τ , one can minimize the degree of non-normality between spec-
tral subspaces, thereby enabling accurate projection onto spectral 
subspaces using standard orthogonal projection techniques. How-
ever, exact orthogonality among the columns of the Vandermonde 
matrix V cannot be achieved. Indeed, we observe that min(VT

i ·

Vj) = 1 for all i, j, where Vi and Vj denote the columns of V. 
This observation shows that no d-dimensional spectral subspace 
in the delay-embedded space can be orthogonal to its comple-
mentary (m − d)-dimensional subspace, making oblique projections 
essential.
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