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Abstract

In this paper we study the dynamics near resonant elliptic equilibria in three-degree-of-freedom Hamiltonian systems. The
resonances we consider have multiplicity two, and the corresponding local normal form for the equilibrium is integrable at
cubic order. We prove the existence of families of 3-tori and whiskered 2-tori with nearby chaotic dynamics in the quartic
normal form. The whiskers of the 2-tori intersect in a non-trivial way giving rise to multi-pulse homoclinic and heteroclinic
connections. These connections survive in the full system as orbits homoclinic to invariant 3-spheres.

1. Introduction

Suppose that the quadratic part H, of a three-degree-of-freedom (3-DOF) smooth Hamiltonian H = H, + A
is of the form

3

Hy=3Y (gt +pi), (1.D)
k=1

which is characterized by the frequency vector w = (@1, w;, w3). This frequency is said to be resonant if we
can find a nonzero integer vector n = (ny, n2, n3) such that

(w,n) =0 (1.2)

is satisfied. We usually speak about a strong resonance if there exists an integer vector n verifying (1.2) with
|n| = |n| + |n2| + |n3| < 4. One can also introduce the term full resonance (or multiplicity-two resonance)
which means that there are two linearly independent integer vectors »n and 7 satisfying the relation (1.2).
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1.1. The nature of dynamics near resonant elliptic equilibria

It is well known that the six-dimensional phase space of (1.1) is foliated by a three-parameter family of
3-tori, which best manifest themselves in action-angle variables (see, e.g., Arnold [4]). System (1.1) also has
three families of distinguished motions, usually called normal modes, which are periodic orbits with only one
nonvanishing action. As we know from the appropriate version of the KAM theory (see, e.g., Arnold et al.
[5]), in a neighborhood of the origin ¢ = p = 0 most of the 3-tori typically persist under the effect of the
higher order terms in H provided w is not strongly resonant. In these cases, close to the origin, the observed
perturbed dynamics is reminiscent of the unperturbed one, at least for finite times.

As it was soon revealed by computer experiments following the appearance of KAM-type results, the dynamics
around a strongly resonant equilibrium may differ significantly from the picture described above (see, e.g., Ford
and Waters [20] and Ford and Lunsford [21]). In particular, one can observe significant short-time deviation
from the solutions of (1.1). Trajectories of H starting close to the linear normal modes of the quadratic part H;
may leave and return on time scales much shorter than those mentioned above. Moreover, plotting the action
values of these trajectories, one experiences irregular patterns in the change of action, which is usually referred
to as energy transfer between different modes (cf. Ford and Waters [20], Ford and Lunsford [21], Van der
Aa and Sanders [57,58], etc.) Though this terminology is descriptive, it is not quite accurate since the linear
normal modes of H, do not necessarily persist as nonlinear normal modes under the effect of H. Hence, the
first natural question one might ask about the nature of full resonances should be about the fate of the linear
normal modes and the possible creation of new periodic orbits.

A general answer to this question is given by the work of Weinstein [60] (see also Moser [48] and Ito
[30]). If H; is definite, his results guarantee the existence of at least three distinct periodic orbits on every
energy surface H = const. For more specific results one has to appeal to the method of normal forms (see,
e.g., Arnold et al. [5], Sanders and Verhulst [54]}) and simplify the general Hamiltonian H = H, + H3 for the
purposes of the analysis. This is achieved through a smooth near-identity change of variables which puts H to
the Birkhoff normal form

H=H,+Hy+Hy+---+H +0(r+ 1), (1.3)

where H; is a homogencous polynomial of order j in the new coordinates (¢’,p’) with {H,,H;} =0, {, }
denoting the Poisson-bracket. If we truncate (1.3) at some order less than r to obtain a Hamiltonian A, the
corresponding system has two independent first integrals: H and H,. If w is not fully resonant, we can always
find one more independent integral (see Arnold et al. [5]); hence the normal form is integrable if truncated
at any finite order. This effectively means that system (1.3) exhibits a resonance only between two of the
frequencies and can be analyzed by the methods developed for 2-DOF resonant Hamiltonians (see Arnold et al.
[5], Churchill et al. [8,9], Sanders and Verhulst [54], and the references cited therein). To obtain inherently
3-DOF effects, one therefore needs to assume that the frequency w is fully resonant, in which case the truncated
normal form is not automatically integrable.

1.2. Previous work on 3-DOF resonant normal forms

To describe how complex a given fully resonant normal form is, we may speak about a genuine kth order
resonance if (1.3) truncated at order k+2 (and not below) exhibits full coupling between all the three degrees
of freedom (for a precise definition see Sanders and Verhulst [54]). A systematic study of periodic solutions
and their stability for genuine first order resonances was carried out in Van der Aa [58] (see also Sanders
and Verhulst [54]). Related results for symmetric systems appeared in, e.g., Montaldi et al. [45,46], and the
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references therein, which also address the question of persistence of periodic solutions for the full system (1.3).
Parallel to this, one can also see an increasing interest in the integrability of fully resonant normal forms. The
picture arising from the works of Martinet et al. [43], Van der Aa and Sanders [57], Van der Aa [58], Van
der Aa and Verhulst et al. [59], is that genuine first order resonances (truncated at cubic order) do not seem
to have a third independent integral in general. Nice exceptions are the 1:2:2 resonance and resonances with
discrete symmetries. For these integrable cases the methods of symplectic and Poisson reductions ( Abraham
and Marsden [1]) gave insights into the foliation of the phase space (see Cushman [11] and Kummer [38]),
making usc of related results for two degrees of freedom (cf. Kummer [37], Cushman and Rod [12], Churchill
et al. [9], Knobloch et al. [34] ). The work of Kummer [38] extends this point of view to n degrees of
freedom and also gives a persistence theorem for a class of n — 1-tori arising from the truncated normal form.
Recently Hoveijn [29] gave a nice classification of the possible reduced phase spaces of integrable 3-DOF
resonances using the theory of singular reduction. He also proved the existence of invariant spheres in these
systems.

As a rule, most of the above results seem to focus on regular behavior (periodic orbits, 2-tori) in 3-DOF
resonances. The first reference pointing towards irregularity appears to be Duistermaat [ 15] with a proof that
the 1: 1: 2 resonance is typically nonintegrable. Duistermaat shows an infinite branching of complex continuation
of manifolds of periodic orbits with constant frequency, which is known to be an obstruction to integrability
(see Arnold et al. [5]).

A more geometric discussion of another resonance, the 1:2: 3 is given by Hoveijn and Verhulst [28], who
consider a given fourth order normal form and present numerical results showing the existence of an orbit
homoclinic to a relative equilibrium. Using Melnikov’s method Hoveijn [29] completed this study by proving
that the stable and unstable manifolds of the relative equilibrium intersect transversally for a special choice of
the quartic normal form terms. As Hoveijn points out, the algebraic splitting of separatrices in the truncated
1:2: 3 normal form is an indication that the chaotic behavior occurring near 3-DOF resonant equilibria is much
stronger than near 2-DOF resonant equilibria, for which the local normal form is integrable up to any order of
truncation.

A general study of the dynamics near multi-degree-of-freedom resonant equilibria appears in Delshams [ 13]
(see also de la Llave and Wayne [40] ). Delshams considers equilibria with a simple resonance and establishes
the existence of whiskered tori for the truncated normal form in the vicinity of the equilibrium. His calculations
indicate the survival of these tori in the full system with their whiskers exhibiting exponentially small splittings.

1.3. A special class of multiplicity two resonances

In this paper we would like to go one step further in exploring the mechanism and onset of chaos near 3-DOF
resonant equilibria. We consider fully resonant systems for which the resonance relationship (1.2) is satistied
with |m| = 2, [n2| = 1. (This resonance is usually referred to as Fermi resonance in the physics literature.) In
the usual terminology, we assume that the resonance has a generator of the form i = (2,1,0) or (2,-1,0).
Rescaling the frequencies by w;, we then obtain the new frequency vector @ = (1,2, @3), where @3 is a
nonzero rational number. We want to ensure that the corresponding normal form is integrable when truncated
at cubic order and intend to treat higher order normal form terms as perturbations on this integrable structure.
To obtain an integrable cubic normal form we may make various assumptions. Either we require |@s3]| > 5 or
|@3] = 2 to hold (see hypothesis (H2i) of Section 3.2) or we assume that the full Hamiltonian H is close
to being discrete symmetric at cubic order (see (H2ii) of Section 3.2). A large number of multiplicity two
resonances satisfy one of these assumptions and can be cast in the same type of normal form. In particular,
we can treat the genuine first order resonances 1:2: 1, 1:2:3, and 1:2:4 with appropriate discrete symmetries,
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and the 1:2:2 without any symmetry assumed. All the genuine second order resonances with cubic generator 7
also qualify (i.e., the 1:2:6, 2:4:3, 3:6: 1, and the 3: 6:2), and, we repeat, all resonances of the form 1: 2: w3,
w3 > 5 are covered without symmetry assumptions. Further, in all the cases listed here and above, the signs of
individual frequencies may be negative.

1.4. Main results

Our study is based on the global knowledge of the integrable geometry of the cubic normal form. This
enables us to establish the survival of two families of three-dimensional tori on most energy surfaces of the full
system. We also pay special attention to a family of invariant 3-spheres of the integrable cubic truncation which
have four-dimensional homoclinic manifolds. Each 3-sphere is filled with a two-parameter family of periodic
solutions. Under the effect of higher-order normal form terms these periodic orbits are all destroyed, but in the
typical case new invariant 2-tori are created by the quartic normal form terms on a four-dimensional invariant
set M, that perturbs from the family of 3-spheres.

The tori are connected through heteroclinic and homoclinic orbits, which are not amenable to Melnikov-type
methods because the 2-tori are created by the perturbation acting on the integrable limit. This introduces a
singular perturbation problem that can be dealt with using an appropriate version of the energy-phase method
which is developed for 2-DOF Hamiltonian and dissipative systems in Haller and Wiggins [24]. Using this
method we obtain criteria for the existence of multi-pulse connections between the whiskered 2-tori which pass
repeatedly near M, before approaching a torus in backward or forward time. Along the multi-pulse solutions
the stable and unstable whiskers of the corresponding 2-tori intersect at an angle of O(e) which enables us to
prove the existence of Smale horseshoes and chaotic dynamics on most energy levels. This implies the existence
of observable irregular behavior on energy levels close to the resonant equilibrium, even if the equilibrium is
Lyapunov-stable. Although it is most likely true, we are not able to prove at this point that the invariant 2-tori
persist under the effect of the “tail” of the normal form (cf. Section 7.4). Instead, we show how the multi-pulse
solutions survive and asymptote to certain invariant 3-spheres. In fact, the multi-pulse orbits turn out to be
transverse homoclinic orbits to these spheres in the full system.

The organization of this paper is as follows. In Section 2 we describe our main assumptions and the resonances
we study. Section 3 contains a detailed description of the dynamics of the integrable cubic normal form for
these resonances. In Section 4 we introduce new coordinates that are more appropriate for the study of the
effect of higher order normal forms on the integrable truncation. In Section 5 we describe our basic tool for the
study of resonant manifolds, which is a version of the 2-DOF energy-phase method developed in Haller and
Wiggins [24]. In Section 6 we use this method to obtain multi-pulse solution sets in higher-order truncations
of the normal form that connect 2-dimensional whiskered tori with two different time scales. In Section 6 we
study what remains of the structures of the quartic truncation under the effect of the tail of the normal form. In
particular, we analyze the fate of families of 3-tori using Arnold’s results on properly degenerate Hamiltonians
(see, e.g., Arnold et al. [5]) and also study the fate of the multi-pulse solution sets. Finally, in Section 8 we
summarize our results and their applications and comment on aspects of chaos and diffusion near the resonant
equilibria we studied.

2. Set-up and assumptions

We are concerned with Hamiltonians of the form
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H(q,p) = Hy(q,p) + H(q.p), (2.1)
where (g, p) are canonical coordinates on the phase space (R® w) with w = dgAdp.In (2.1) H, is a quadratic
polynomial and A satisfies DH(0) = 0 and D?H(0) = 0. Throughout this paper we assume that H is a C'*!
function with r > 6. This smoothness requirement is imposed on the Hamiltonian by one of the tools we use:
a version of the KAM theorem which requires a Hamiltonian of class C7 for 3-DOF systems, as shown in
Poschel [52].

With the notation x = (gq, p) the Hamiltonian equations associated with (2.1) take the form

0 Ids
X=JsDH(x), Jg= , (2.2)
—Ildy 0

where 1d3 € R3*3 is the identity matrix. We assume that x = 0 is an elliptic fixed point of system (2.2) and
JeD2H,(0) is semisimple, in which case a linear canonical transformation puts H; in the form

3

Hy(q.p) =3 wu(gi + pp)- (2.3)
k=)

Here 2 = (wy, wy, w3) € R* — {0} is the frequency vector of the linear flow generated by H,. We introduce
the canonical change of variables

i=qg—ip, I=gqg+ip, z,7¢eC5 (2.4)

with its inverse defined as Ty: (z,Z) = (g, p), and consider the transformed system on the phase space (C3, £2)
with 2 = JIm(dZ Adz). Letting 7 — &z, 7 — &Z with &€ > 0 small, and dividing (2.1) by &, we arrive at the
Hamiltonian

H(z,Z;8) = Hy(z,Z) +&H(z,%;8), (2.5)
with
3
Hi(2.2) =4 elul’, Hzzey= Y &3m0, (26)
k=1 <+ Imj<r+1

where h, = hpy € C for I,m € N3, and |I] = 1; + I + I3. In (2.6) we used the usual notation z7: = z["z3* ",

2.1. The type of the resonance

To describe the resonances we study, we introduce the resonant module
M ={ncZ? |{w,n) =0} (2.7)

We then assume that, after a possible reindexing of the variables zi, Z.
(H1) Either (2,1,0) € M or (2,~1,0) € M holds and dimM =2.
(H2) If s € M and |s;]/|s2] # 2, then one of the following is satisfied:
(i) |s] > 4,
(ii) For any {,m € N? with |l| + |m| =3, [ — m=s, we have h, =0.
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Here (HI1) means that the first two frequencies satisfy the strong resonance relationship |w|:|w,| = 1:2
and there is one more independent resonance relationship among the three frequencies. If (H2i) holds then
(2,+£1,0) is the unique third order generator of the resonant module M. This is satisfied by all resonances of
the form 1: £2: w3 with |w3| > 5, and by a number of other resonances, like the 1:2:6, 2:4:3, 3:6: 1, 3:6: 2,
3:6: 10, etc. If, alternatively, (H2ii) holds then (2, +1,0) is not the only third order generator of M. We then
require certain coefficients of H to vanish, which usually translates into the assumption that the Hamiltonian
(2.5) is close to having a discrete symmetry at cubic order. (One can also assume hy, = ve which requires
the symmetry breaking terms to be less in order than the symmetric cubic terms.) We note that all genuine
first order resonances in 3-DOF Hamiltonians (i.e., 1: £2: w3, |w3| = 1,2,3,4) with appropriate weakly broken
discrete symmetries satisfy hypotheses (H1) and (H2ii) (see Sanders and Verhulst [54] for the definition of
genuine resonances and discussion on the effect of discrete symmetries).

2.2. The resonant normal form

Based on hypothesis (H1) we can rescale the frequencies by letting

=1, wy=2, w3—>6—03, (2.8)
w|
where we have set the sign of w; positive for convenience. Although the basic results are the same, some of
the geometry is different in the case w; = —2. We believe that, based on the material presented below, it is
straightforward to make the necessary modifications for that case. We finally note that (H1) implies that the
rescaled frequency ws is a rational number.

In order to simplify the Hamiltonian (2.5) further, we apply a near-identity canonical change of variables
which puts our system in Birkhoff normal form up to some order p with 4 < p < r + 1 (see Arnold [4] or
Sanders and Verhulst [54], etc.). Using (H1),(H2), and the rescaling (2.8), we can write the normalized part
of the Hamiltonian in the form

H=H,+eHs+&'Hi+ & Hs + -+ ¢/ 2 H,, (2.9)
where

Hy=1|z1]* + |2 + fws|zs)’,  Hs=}aRe(zl%), a€R, (2.10)
and

Hy=Hs+ Ha,
with

{H2,H;}=0, 3<j<r, {HyHy}=0, (2.11)

where { , } is the canonical Poisson bracket. In (2.10) H; contains resonant terms of the form z/z™ with
W+ |m| = j, | —m € M. We note that, in general, the normalization procedure yields a term of the form
H; = Re(AzfZ), A € C and one needs to apply an additional symplectic change of coordinates z; —
exp(—iarg(A)/2)z1, 21 — exp(—iarg(A)/2)Zz;, to bring H3 to the form in (2.10) with a = 2|A| (see
Kummer [38]). From this point on we will assume that the nondegeneracy condition a # 0 holds.

The expression Ay in (2.11) contains some possible quadratic detuning of H, from the exact resonance and
cubic terms hy,z'Z™ of the normal form with Ay, = O(g), which may arise in the case of hypothesis (H2).
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We remark that for w = (1: £2: +2) system (2.5) can be put in the form (2.10) even if (H2) is not satisfied
(see Kummer [38]).

With the normal form transformed into the form (2.9), integrability at cubic order is clear. This can be seen
due to the fact that z3 “separates” from the z; — z, dynamics leaving a 2-DOF Hamiltonian system, and all
2-DOF truncated Hamiltonian normal forms are integrable by construction (since {H, Hy} = 0).

Realistic physical systems are never in perfect resonance so it is important to allow for the presence of some

detuning from the resonance. In this paper the detuning is assumed to be of the form eH; = eH o + O(&?)
with

Hyo = 3d|zi|*.

It can be easily verified that, when considered up to order O(g), the normal form is still integrable with the
addition of this term. In particular,

H.=H) +eHy +eHs, Ji= %IZIIZ +lzlk k= %|Z3|2 (2.12)

are integrals for the Hamiltonian system defined by H.. Note that we allow the detuning to be fairly large in
the (z),Z),) degree of freedom for which it has the same order of magnitude as the nonlinear terms in the flow
generated by H.. This is required, e.g., for the chemical application described in Haller and Wiggins {25].
From now on we assume that the O(&?) and higher-order terms in the detuning have been incorporated in H,.

3. Integrability and geometry of the cubic normal form: symplectic reduction

In this section we briefly discuss the geometry of the cubic, detuned normal form
He=14 (1 +ed) |a* + |z + jos|zl* + e3aRe (2 22). (3.1)

We study this Hamiltonian using symplectic reduction, for which the standard terminology can be found in
Abraham and Marsden [1]. The results we present in Subsection 3.1 are essentially adaptations of those of
Kummer [37,38], Churchill et al. [9], and Cushman [11], to the class of resonances under consideration.

3.1. Ser-up for symplectic reduction

Let us introduce the notation P = C? and consider the symplectic action of the Lie group G = T? = §' x §'
on (P, {2) given by

P:Gx PP (g.8.2,2.73) — (e 87z, e 8z, e % z,), (32)

and ¢, : P — P denotes the induced mapping with a particular group element g held fixed. We define the

mapping
JP =g  ~R% (z1,2,23) = (Blal* + |z2/% Sz, (3.3)

where g* denotes the dual of the Lie algebra g of G. For any fixed ¢ € g we also introduce the map
J(&): P — R% J(&)(2) = (J(2),€&), where (, ) denotes the natural pairing between elements of g* and g.
Using the definition of J we have

J(&)(2) = GlaP + 2P é + s (3.4)
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Let us also define for any ¢ € g the vectorfield £€p: P — TP by

d
Ep(z) =—| P(expté,z), é€g, z€PR
dtt:()

which is just the infinitesimal generator of the action corresponding to by £ € g. A straightforward calculation
shows that

Ep(2) = (—if121, —2ié122, —i€223),
which together with (3.4) yields
igpy2(2) =dJ(€)(z), z€P

with ig, £2 denoting the interior product of the vectorfield £ with the symplectic form 2. Consequently, J is
a momentum mapping for the action @. Since G is Abelian, J is Ad*-equivariant, i.e., the following diagram
commutes:

p 2 p
JT L (3.5)
g — ¢

Ad*

g1

with the map Ad;_,:g" — g%, (Ady_p, &) = (. Ad), forall ge G, pc g, and £ € g.

With the momentum mapping in hand, the program of symplectic reduction can now be carried out. Any
nonzero u € g* is a regular value of the momentum mapping, from which it follows that J~!(u) is a smooth
manifold. The reduced phase space is defined as P, = J N (w) /Gy, which is well-defined since J is Ad*-
equivariant. From the general theory, if the action of the isotropy subgroup G, = {g € G|Ad;_u = put=G
on J~'(u) is free and proper, then P, is a smooth manifold. Since G is compact, the action is proper, but
it is not free (G has nonidentity elements leaving (0, z2,73) € J~!'(u) fixed). Hence the Marsden-Weinstein
reduction theorem does not guarantee that P, is a smooth manifold, and it is indeed not. As we will see, P,
has a singularity that has some very interesting dynamical consequences.

3.1.1. Realization of the reduced phase space
Next we describe an explicit realization of the reduced phase space P, in a form due to Churchill et al. [9]
(see also Knobloch et al. [34]). Consider the “Euler-variables”

Wi =Re(z}2), Wr=Im(z{%n), Wi=izl, (3.6)
which, by direct substitution, can be shown to satisfy the relation

W2+ W3 =4W2(J,(z) — W3). (3.7)
Let Z, C R? denote the zero set of the function f,:R> — R defined as

Fu(Wi, Wo, Wa) = Wi + W3 — AW3 (g — Ws). (38)

This two-dimensional surface in R? is a realization of the reduced phase space P, (see Churchill et al. [9] or
Cushman [11] for details). It is not hard to see from (3.8) that P, is homeomorphic to 52 and that it has a
singular point, or “pinch” at the origin of the W-space. Thus, Z, is a pinched sphere, with the W3 axis as an
axis of symmetry (see Fig. 1). Note that the pinch occurs where the action of G on J~!(u) is not free.
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w1
P 18
W3
w2
S

Fig. 1. The reduced phase space P,,.

3.1.2. Dynamics on the reduced phase space
Churchill et al. [9] show that the reduced flow of (3.1) on P, is given by the Euler-like equations

W=VH, x V fu (3.9)
where H, is restricted to P, i.e.,
H.=u + w3 + edWs + s%an.

Explicitly, the reduced vector field is given by

W, = —e2dW,,
W, =a2(dW1 —a (W2 —2W; (uy — W3))),
W3 =8£1W2. (3.]0)

One can readily verify that the function dW; + %an is an integral for (3.10). Hence the trajectories of
(3.10) are given by the intersection of the planes dW3 + %aWI = const. with the pinched sphere Z,,. Therefore
the trajectories are either closed curves or isolated points. We illustrate these orbits in Fig. 1. Note that for
w1 — W3 —d?/a* > 0, (3.10) has a homoclinic orbit connecting the pinch to itself. This orbit satisfies

W)= —(2d/a)Ws, Wo=2Wi\/ 1 — Wi —d?/a®, 0<W; < u —d*/a*. (3.11)

3.1.3. Reconstruction of orbits in the full six-dimensional phase space

Using the fact that for any u € g* a subset of J~'(u) is a 2-torus bundle over P, — {0}, we can reconstruct
invariant structures in the phase space of (3.1) based on our knowledge of the orbits of the reduced system
(3.10). Closed curves not passing through the pinch correspond to 3-tori in the full phase space, and the two
elliptic fixed points at the top and bottom of P, correspond to 2-tori in the full phase space. The pinch requires
a separate analysis in order to determine its manifestation in the full phase space, and we turn to this next.

3.2. Singularity from the symplectic reduction

Consider the set of points in a given energy surface {H, = h} that are mapped to the singularity via the
quotient projection 7r,: P — P,. This is an invariant set, denoted by M" C P, with A > 0, which is given by
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Mh= | ) m'0).

H1+pa=h

Using (3.6) and (2.4), one can immediately see that the image of M" under the diffeomorphism T} (defined
after (2.4)) satisfies

Ti(M") ={(q,p) ER®|q1=p1 =0, g5+ p} + Jws(g5 + p3}) = h}. (3.12)

This shows that for w3 > 0, M* is diffeomorphic to S%, while for w3 < 0 it is a three-dimensional hyperbolic
surface of revolution. In either case, M" is connected to itself by a four dimensional homoclinic manifold W*.
This follows from the nature of the reduced dynamics discussed in Section 3.1.2.

3.2.1. Orbit space reduction of M"
One can check that for any & > 0, M" is entirely filled with periodic orbits. Two of these closed orbits are
distinguished: they are the (nonlinear) normal modes of H, given by

Ng={z€(c3‘21=23=0, |22|=\/};},
Ni={zeC2=2=0,|n=2h/w:}.

These two normal modes survive from the quadratic Hamiltonian H, under the effect of the cubic terms in
(3.1). This can be seen by noting that M" is an invariant manifold, and the dynamics on M* is, from (3.12),
that of two linear oscillators which, by hypothesis (H1), are in 2: w3 resonance. With the exception of N%,
all the periodic orbits in M" have two-dimensional stable and unstable manifolds, which foliate W* into a
two-parameter family of cylindrical surfaces.

Since M" is a manifold of periodic orbits, the flow of the Hamiltonian (3.1) restricted to M"* can be considered
as the action of the group S' on M". We can then define F* = M"/S', the quotient space corresponding to
this action, with the usual quotient projection 7y: M"* — F% In other words, F" is the orbit space of the
periodic solutions contained in M*. From (3.12) we see that the set 7; (M"*) ~ M" can be considered as the
three-dimensional energy surface for a Hamiltonian system of two linear oscillators which, by (H1), are in
2: w3 resonance. Accordingly, F# can be viewed as the reduced phase space for these oscillators with respect to
the resonant 2: w3 action of S'. As is shown by Churchill et al. [9], this reduced phase space is homeomorphic
to S2. Furthermore, if «; and «; are relatively prime positive integers with

2 s (3.13)
lws| K2
then F" is a pinched sphere with a «-order singularity at its north pole, and with a xo-order singularity at its
south pole (e.g., x; =1,2,3 would mean no singularity, conical singularity, and cusp singularity, respectively).
We summarize the observations of this section in the following proposition.

Proposition 3.1. Suppose that w3 > 0 holds. Then on any energy surface H, = h (with &2 > Q) of the
integrable Hamiltonian system defined by H. there exists an invariant set M" defined by z; = 7, = 0, which is
diffeomorphic to $3. The set M" is entirely filled with periodic orbits. Furthermore,
(i) Any invariant subset M# C M* that does not contain the third normal mode N%, is normally hyperbolic
and is connected to itself by a four-dimensional homoclinic manifold W{.
(ii) The orbit space F* = M"/S! of periodic solutions in M" is homeomorphic to a 2-sphere with a x;-order
singularity at its north pole, and with a « order singularity at its south pole (see (3.13)).
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The notion of normal hyperbolicity is defined and discussed in detail in Appendix B. We note that invariant
spheres similar to M" have been found recently in a large class of Hamiltonian resonances by Hoveijn [29].
The methods we use in the following sections can be used to study perturbations of those spheres as well if
they admit a homoclinic structure similar to W*.

4, The “blown-up” cubic normal form and the formulation of the perturbation problem

The goal of this section is to introduce coordinates which are suited to the study of what happens to the
manifolds M" and W” in the normal form (2.9) under the perturbative effects of the terms e?Hy + --- +
& H, + O .

4.]. The blow-up transformation

Let us first introduce action-angle variables for the quadratic part H, of (2.9) by letting
= V20, = \2he %, k=1,2,3, (4.1
with the inverse change of variables T»: (I, ¢) — (z,Z). We apply a further canonical change of variables

W =, Ki =1+ 2 + wsls,
W = ¢y — w3, Ky =1, (4.2)
xi = /2hsin (¢2 —2¢1), x3=+/2Lcos (¢ —2¢1),

with the inverse coordinate transformation being Ti: (x,K,4) +— (I,¢). In this final set of variables our
Hamiltonian (3.1) takes the form

H (x,K.¢) =K +&(d+ax) (Ki — 3Kz — |x]*). (4.3)
The corresponding Hamiltonian vectorfield is smooth and defined on the set

P={(x. K, Ko, )| x eR*, K € R%, ¢ € T}, (4.4)
with the symplectic form

w =dx; Ndx; +diy N dK, (4.5)
but it is related to system (3.1) only in the domain

P={(x,K ¢) €P| K —w3Ks >0, K >0}. (4.6)
The vector field corresponding to the cubic truncated Hamiltonian H, takes the form

i =sla(K| — w3Ky — x} — x3) —2(d + axy) x2,

Xz =82X1 (d + aXZ) N

K»=0,
dn = —ew; (d +axy) ,
K; =0,

g =1 +&(d+ axa). (4.7)
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Fig. 2. Phase portrait of the x-component of (4.7). The shaded region indicates the region where the orbits of the blown-up normal form
will be related to orbits in the original normal form and the boundary of the shaded region is given by x% +x; =K1 — w3Kz, K1 2 0.

Note that the x component of (4.7) decouples from the rest of the equations since K does not change in
time. It is a simple phase plane analysis, coupled with the use of the Hamiltonian (4.3), to verify that for
Ky — w3K; > 0 and K; > O the phase portrait for the x-equations appears as in Fig. 2.

Our main goal with the sequence of transformations (4.1),(4.2) is to “blow up” the singularity of the reduced
phase space. This is achieved, as we will see next, by extending the transformations (4.1),(4.2) to the domain
11 =0, in which case (4.1) is not a diffeomorphism any longer and the angle variable ¢, is not well defined. It
should also be emphasized that since M" is characterized by I} =0, we have to study the effect of this singular
transformation if we want to relate our later results on the perturbation of M" back to the original normal form
(2.9).

4.2. The phase space of the “blown-up” normal form

Broadly speaking, there are two types of geometric structures, or invariant manifolds, for the normal form
(4.7). Normally elliptic invariant manifolds containing families of elliptic 2 or 3-tori and rormally hyperbolic
invariant manifolds that contain families of resonant “whiskered” tori. The special form of (4.7) makes it
particularly easy to determine these structures.

Proposition 4.1. The system (4.7) has two three-parameter families of elliptic 3-tori and two two-parameter
families of elliptic 2-tori.

Proof. This result follows easily from the structure of the x-component of (4.7). The 3-tori are the Cartesian
product of the periodic orbits of the x-component of (4.7) with ¢, and ¢,. The three parameters are H., K>,
and K;. The elliptic 2-tori are the Cartesian product of the elliptic fixed points of the x-component of (4.7)
with ¢» and ¢,. The two parameters are K; and Kj. O

Next we consider homoclinic and heteroclinic structures that arise in the blown-up normal form.

Proposition 4.2. Suppose that ws > 0 is satisfied. Then on a fixed five-dimensional energy surface H.(x, K, ) =
h with h — d?/a® > 0, the following hold:



(1)

(i)

(iii)
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T, o T, (M*) = D" U M* where the set D" satisfies
D= { (x,K.y) €P l X2+ w3Ka = b, x2 # —d/a, K =h };

hence D" is diffeomorphic to the disjoint union of two four-dimensional open disks. The set M” consists
of two connected components given by

Mgy = { (x.K.y) €P ' X2 = —dfa, x = —\/h —d*/a® — w:K;, K, = h},

and

Mng = { (x,K.¢) € P’xz =—cd/a, x| = +\/h —d?/a? — w3K,, K = h}.

Hence, each component of MM s diffeomorphic to 5% x §'. Furthermore, M" is filled with two-
dimensional invariant tori. All these whiskered tori carry a resonant flow as they are all filled with
periodic orbits. The manifold D" consists of orbits of (4.3) that are forward and and backward asymp-
totic to periodic orbits on the whiskered tori in M*,

The manifold W* =T, o T, (W") satisfies

wi={ (0. K4) € Plxa=—d/a, |n| < Vi - wsK; ~ &P]a, Ky =h};

thus W" is diffeomorphic to B* x S! where B> is the open unit ball in R*. Furthermore, W" is filled
with a three-parameter family of orbits positively and negatively asymptotic to periodic orbits in A",

Let 7r: M" — F* = M"/S! be the quotient projection from M?” to its orbit space F*, and let Q" be
defined through the diagram
M/l Tﬂ Mh
"
fh Q_h) Fh

In other words, let Q" be the map between the quotient spaces F" and F” induced by T, o T3. Then
F" is diffeomorphic to S$?. Moreover, if M5 is a compact subset of M" which does not contain the
periodic orbits N} and N2, then F * has a bounded subset F{ consisting of two connected components
and not containing N = (Q")~! o wp(N}) and N} = (Q")~! o wp(N?%). Furthermore, the map Q"
restricts to a «-fold smooth covering map onto 77 (M%) on any of the two connected components of
f(l)l = 7T_7:(Mg ) .

Remark. The superscript 4 in the notation for the various invariant manifolds indicates that we fix Ky = h.

Proof.

The proof of statements (i),(ii) is a direct computation based on the definition of 7> and T3, which we

omit. To prove (iii) we first note that the change of variables (4.1) puts the vectorfield corresponding to (3.1)
into the form

1
I
I

e2ali\/21; sin (2¢1 — ),
—sal; /21, sin (2¢) — &),
= 0,

&1 =1+ ga\/2,cos (2¢) — ¢2) +&d,
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. S‘a MN})
B .
Identify with

(N ;)

F
h
(N ;)
Fig. 3. Parametrization of the orbit space F*.
g0 'dl
Fig. 4. Parametrization of the orbit space F.
. I
$r=2+¢€a cos (2¢1 — ¢2),
V2

&3 = w;. (4.8)

First we obtain a parametrization of F*. Straightforward calculations show that the periodic orbits in Tz“l (M)
(described by I; = 0) can be labelled by the two parameters

2
a=hL=3g+p}) €10,ihn], B=wip, —2¢3 modwg;;, (4.9)

which, combined with the definition of T, gives a parametrization of F*. The parametrization is singular on
mr(N%) and 7wr(N) in the sense that all points of F* with & = 0 should be identified with 7 (N?%) and all
points with @ = h/2 should be identified with 77r( N%). We illustrate this in Fig. 3.

Next we seek a representation of F*. Using (4.2) and (4.9) we can see that on the set M” the coordinates
(x,K,¢) and the parameters («a, 8) satisfy the following relationships:
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T
Fig. 5. The effect of the blow-up transformation on the reduced phase space P,,.
g =1, Ky =h,
s = —B/2 + Lwscos™ (—d/a\/Za) . K= (h-2a)/ws (4.10)
x) =+ 2a - d?/a?, x; = —d/a.

Factoring out the uniform rotation in the ¢, coordinate in the above equations is equivalent to passing to the

quotient space F". Performing this, we find from (4.10) that 7" can be identified with the set defined by the
equation

X} + wiKy = h — d*/a? (4.11)

for h — d?/a® > 0. But (4.11) represents a 2-sphere in the (xj,K2,4) space (viewing K>-i» as polar
coordinates, as shown in Fig. 4).

Choosing a compact set Mg as in statement (iii) of the proposition, (4.9) and (4.10) show that ]—"5’ =
Wf(Mg) has two components: one on the northern hemisphere (x; > 0) and one on the southern hemisphere
(x; < 0) of F". We denote these two components by A} and A3, respectively, and note that both can be
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globally parametrized by the variables (K7,4»). From (4.10) we in fact obtain a coordinate representation of
Q" AL U A} in the form
Q" F§ = Ay U Ay — mr(M) C FP,

e(Ka,n) — (%(h - Kyw3), -2 — w3 cos™! (a\/f;) signxl) =(a,B). (4.12)

We see from (4.12) that two relative equilibria p; # p; in F* — (wp(N}) Umr(N?)) represent the same
periodic solution in M”" if and only if Q*(p;) = Q*(p), i.e., one of the following holds:

(1) pi and p, lie on the same hemisphere of F* (i.e., their x; coordinates have the same sign), their K
coordinates are the same, and their ¢, coordinates differ by some integer multiple of

bn = wy % = 2T (4.13)
K2 K
This implies that Q" restricts to a «;-fold smooth covering map onto wF(Mg) on any of the two connected
components of F = wr(MB).
(2) py and p; lie on different hemispheres of F k. their K, coordinates are the same, and the difference in their
Y coordinates satisfies

w3 —1 —d
Tn— * w3 Ccos , (4.14)
K2 ’ (av Za)
for some integer n. a

Based on this proposition we show the effect of the blow-up transformation on the original reduced phase
space in Fig. 5.

4.3. Perturbations of the integrable, cubic normal form

Throughout Sections 5-8 we will analyze the effect of perturbations to (4.7). We postpone the discussion
of the persistence for the 3-tori described in Proposition 4.1 to Section 7.1 since it is a direct application of a
result of Arnold [2] combined with some of the calculations in Kummer [36]. We do not address the question
of persistence of the elliptic 2-tori of Proposition 4.1 for two main reasons. First, there are no KAM-type
results in the literature that would apply to them. (Note that the results of Moser [47] and Péschel [53] on
lower-dimensional elliptic tori do not apply to our situation because in the limit € — 0 one frequency on the
tori vanishes). Second, the family of 2-tori forms an isolated, codimension-two set in the six-dimensional phase
space before perturbation, hence it does not have a detectable influence on typical motions.

The other main issue we will study is the effect of higher order perturbations on the hyperbolic structure
described in Proposition 4.2. This turns out to be a more complicated problem because the hyperbolic structure
is degenerate in several respects. First, it completely disappears in the limit & = 0. Second, for £ > 0 its
“strength” of hyperbolicity is only of the order O(&). Third, it is completely filled with resonant 2-tori, all of
which will be seen destroyed by the perturbation. To overcome these problems, we proceed in two steps. First
we consider the perturbation arising from a finite number of higher-order normalized terms. The second step is
to consider terms of all orders, i.e., consideration of the effect of the “tail” of the normal form.

Accordingly, we first rewrite the full Hamiltonian (2.9), normalized through O(g?72), in terms of the
(x, K,¢) coordinates:

H(x,K.¢2;8) = Ho(x, K) + 2 Ha(x, K,gp2) + - - + e?2H ,(x, K, 4h2). (4.15)
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Note that the quantities listed in (4.15) do not depend on ¢, which follows from the fact that the symplectic
transformations defined in (4.1),(4.2) preserve the bracket relations in (2.11).

The underlying idea of our study will be the following: the Hamiltonian (4.15) has an unbroken S' symmetry
corresponding to rotations in the ¢, coordinate which allows a reduction to a 2-DOF subsystem. This practically
means considering (after rescaling the time by t — ¢/¢) the Hamiltonian system

¥ =LD Ho(x,K>) +elyDHy(x, Ko, 425 €),

Ky = —eDy, H\(x, Ky, i; €),

o =Dy, Ho(x,K2) + eDx, H\ (x, Ky, 42 €), (4.16)
with

Ho(x, K) = (d + ax) (K — 3K, — |x]?),

P
H(x,K,yn;e) = Hy(x, K, g) + Z§”3H,(x, K.). (4.17)
j=5

System (4.16) derives from the Hamiltonian H = Hy + €H, through the symplectic form

" =dx| Adxy + din A dKs, (4.18)
on the phase space

P ={(x,Kp,tn) | x € R K e RY, € S' }, (4.19)

with K} = & fixed.

For the invariant manifolds M* and W" this reduction means a passage to the quotient spaces F* and W" /S,
respectively. Since M" is entirely filled with periodic orbits that coincide with the orbits of the symmetry group,
the 2-DOF reduced system has a 2-manifold of (relative) equilibria, which we identify with F*. This invariant
2-sphere is connected to itself by a three-dimensional homoclinic manifold which we identify with W"/S'. Any
subset of F" not containing the poles and the equator therefore appears as a normally hyperbolic 2-manifold
of equilibria which is connected to some other subset of F* through the appropriate subset of the homoclinic
3-manifold W"/S'.

We would like to find out what happens to the set F" and its homoclinic structure W"/S! under the effect
of the terms of O(¢g) and higher in (4.16). Since F*" is entirely filled with equilibria, we are faced with a
singular perturbation problem which is not amenable to usual Melnikov-type global perturbation methods (see,
e.g., Wiggins [62] for a survey of such methods). Instead, we use a version of the energy-phase method
developed for 2-DOF systems in Haller and Wiggins [24]. This method can be used to show the existence of
orbits homoclinic or heteroclinic to invariant sets on slow manifolds that perturb from the original manifolds
of fixed points or resonant manifolds. The homoclinic or heteroclinic orbits obtained this way are nontrivial:
they may make repeated passages near, and departures from, slow manifolds before they start approaching their
slow limit sets.

Another complication in our analysis is due to the fact that the set F " is not normally hyperbolic. In order
to apply the energy-phase method, we have to consider two disjoint normally hyperbolic subsets of F" which
appear as two 2-manifolds of equilibria with heteroclinic connections in the system defined by (4.15) on Ph
(These subsets will be A} and A3 defined in the proof of Proposition 3.1.) We will analyze the effect of
higher-order perturbations on these subsets of F", but first discuss an appropriate heteroclinic version of the
energy-phase method in the next section. This involves no new ideas compared to Haller and Wiggins [24]
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(where the homoclinic case was considered), but the formulation of some of the results will be somewhat
different. '

5. Perturbation of resonant manifolds: the energy-phase method

In this section we describe a specialized form of the energy-phase method developed in Haller and Wiggins
[24] that can be used to study the effect of perturbations on normally hyperbolic invariant manifolds of
equilibria with a heteroclinic structure.

5.1. Setting and initial assumptions

We consider 2-DOF Hamiltonian systems of the form

x =‘]2DXH0(X71) +8]2DXH1(-X’I’¢;8)’
j=—8D¢H](xa19¢;e)»
¢ =D;Ho(x,1) +eDiH\(x,1,$;¢), (5.1)

on the phase space P C R? x R x S! equipped with the symplectic form & = dx; A dx; +d¢ Adl. In (5.1)
we use the notation

b= (_01 é) (52)

We assume that the Hamiltonian H = Ho + €H is C"*! smooth in its arguments with » > 3, and

(Al) There exist 1,,1; € R, I} < I, such that for ¢ = 0 any for any ! € [, 2], the x-component of system
(5.1) has two hyperbolic fixed points, ! (1) and x*(I), connected by a cycle of heteroclinic trajectories,
B D, x4, 1) and xM0(e, 1), with

lim ¥"*'(¢,1) = lim x7'(¢, 1) = % (D),
t—+00 t—+00

lim "t (e, 1) = lim x* (e, 1) = 32(),

P e o) - —00

lim x*°(¢e, 1y =2'(1), lim x"°(:, 1) = 32(1).
t——00 t—+o0

We assume that the heteroclinic orbits are arranged in the x; — x, plane in a manner that they can be
smoothly deformed into the arrangement shown in Fig. 6.
(A2) Forevery I € [}, 1]

DiHo(¥(1),1)=0, j=1,2. (5.3)

It follows from assumption (A1) that system (5.1) possesses two two-dimensional normally hyperbolic invariant
manifolds (with boundary) defined as

A ={(x,L¢) eP|x=x(),1ch,h],peS}, j=1,2. (54)
These sets are the images of the annulus A = [I;,1;] x S! under the embeddings

ghA— A CP, (I,¢) — (F(),1,¢). (5.5)
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Fig. 7. The manifolds W, W/, and Wy .

Note that A(I) has a three-dimensional unstable manifold W“(A(',) which coincides with the three-dimensional
stable manifold WJ(A%) along two branches, to form the heteroclinic manifolds Wy and Wy . Assumption
(A1) also implies that there exists another heteroclinic manifold in the phase space, defined as W} = We(AHN
W4(A)) (see Fig. 7).

As a consequence of assumption (A2), the manifolds .Aé, Jj = 1,2, are entirely filled with equilibria.
Solutions of (5.1) in WY and Wgt are heteroclinic connections between these equilibria. An important quantity
associated with these heteroclinic connections is the net change of the coordinate ¢ along them. This change
will be referred to as the phase shift, and denoted by A¢*!, A@?, and A¢~" for orbits in W, W) and Wy,
respectively. From (5.1) we easily find that

+o0
AqS"(I):/DIHo(x"'k(t,I),I)dt, k=+1,0,—1. (5.6)

— o0
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5.2. Slow manifolds

Since, for j =1,2, .A{) is a compact, normally hyperbolic invariant manifold, for small € > 0, system (5.1)

has a two-dimensional invariant manifold Afs', which is O(g) C"-close to A{) and is still a C” embedding of
the annulus A through a map

giA— A CP, (L) = (x(1,$),1,¢) = () +e¥/ (I, ¢;8),1, ). (5.7)

Let il: Al < P be the inclusion map of .4/ with & > 0. Then it can be shown that for small & > 0, (AL, (i)*®)
is a symplectic 2-manifold with

(Yo =(14+0())de Adl.

(The notation (i/)*@ refers to the pull-back of the form @ under the map i/.)
On (A, (il)*@) the vector field (5.1) derives from the restricted Hamiltonian

Hi=H|AL = (i)*H = hy + "’ + O(&?), (5.8)
with
ho = Ho| A} = const., H/(I,¢) = Hi(¥(1),1,4;0). (5.9)

Eq. (5.8) justifies the usual terminology of slow manifold for a manifold perturbing from a set of equilibria
since it shows that the characteristic time scale of motions on .A{; is of order @(g). We call H/(I,¢) the
reduced Hamiltonian corresponding to the manifold A{), and consider it to be defined on the annulus A. We say
that an orbit v C A of some Hamiltonian system defined on A is an internal orbit if it is either a periodic orbit
or an orbit homoclinic to a hyperbolic fixed point, and it is bounded away from dA. Similarly, an orbit y, € A/
of the restricted Hamiltonian H is called an internal orbit if ( g{) ~1(y,) is an internal orbit of the Hamiltonian
(gl)*HL on (A, (gl)*@). By definition, internal orbits are structurally stable with respect to small Hamiltonian
perturbations, hence for small & the internal orbits of the reduced Hamiltonian H/ give rise to O(g) C’-close
internal orbits of (g/)*H/ (see (5.8)). We also note that for small nonzero & we have persisting, locally
invariant 3-manifolds WS _(.A%) and WK)C('A{;)’ that are O(g) C"-close to Wfoc(Aé) and Wl‘;c(A{;), respectively
(see Fenichel [17] or Appendix C.1). As usual, W; (A!) and W% _(Al) can be extended to globally defined
invariant sets W*(.A/) and W*(A/).

In the following we give conditions for the existence of N-pulse heteroclinic orbits connecting the two
manifolds .A! and A? to one another.

Definition 5.1. An N-pulse heteroclinic orbit is an orbit that is negatively asymptotic to an orbit in .4., and
makes N — 1 passages through a neighborhood of A2 before reentering this neighborhood for the Nth, and
final, time. Then it asymptotically approaches an orbit in AZ2.

We discuss the existence of N-pulse heteroclinic orbits under the simplifying assumption

(A3) Consider system (5.1) but only with the leading order term H;(x, I, ¢;0) in the perturbation Hamiltonian
H\. We assume that under this perturbation, for any £ > 0 small, W(Al) = W*(A2), i.e., Wy and Wy
possibly deform into the heteroclinic manifolds W} and W,", but do not break.

Note that this assumption forbids the existence of homoclinic connections to orbits in either .A} or .42 under the

effect of the leading order terms in the perturbation. To illustrate Definition 5.1 and assumption (A3), we show

schematically the (x;, x;)-projections of a simple, a 2-pulse, and a 3-pulse heteroclinic connection between the
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A

b) 2-pulse heteroclinic orbit ¢) 3—pulse heteroclinic orbit

Fig. 8. Simple and multi-pulse heteroclinic orbits between the slow manifolds.

two slow manifolds in Fig. 8. We finally note that assumption (A3) is not necessary for the general theory, but
greatly simplifies the statement of the results. Moreover, it wiil be shown to hold for the perturbation problem
for the 2-DOF subsystem outlined in the previous section.

5.3. Invariant foliations of W*(Al) and W*(A?)

One of the key tools used in the energy-phase method is foliations of the stable (respectively unstable)
manifold of A/ by one-dimensional C” curves, which were first constructed by Fenichel [18] (see also
Appendix C.1). These curves are referred to as fibers and each fiber intersects A/ in a unique point called the
basepoint of the fiber. Thus, the foliation is a 2-parameter family of one-dimensional C” curves, that are also C*
with respect to the basepoint. The important feature of these fibers is that points on a fiber correspond to initial
conditions that asymptotically approach as t — oo (respectively t+ — —o0) the trajectory on AJ that passes
through the basepoint of the fiber. We use the notation f$(g) for a stable fiber contained in W*(.42) which has
basepoint g € A%. Similarly, f“(p) denotes an unstable fiber contained in W*(.Al). The properties of fibers
enable us to identify lower-dimensional invariant manifolds within stable and unstable manifolds. For instance,
if v, C A; is a slow orbit then it has its own unstable manifold W“(y,) which is simply the union of all
unstable fibers which have their basepoints lying on y.. Since the time scales of motions in y, are much longer
than those of motions in W¥(7y,), the basepoint p € v, of an unstable fiber f¥(p) also serves as “take-off”
point for any solution in W¥(y,) that intersects fZ(p): Such a solution slowly asymptotes to y. in backward
time but leaves abruptly a neighborhood of vy, in forward time near the point p. Similarly, the basepoints of
stable fibers can be thought of as “landing” points for the solutions intersecting those fibers. We give a precise
formulation of all these properties in Appendix C.
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5.4. Energy-difference functions, jump sequences, and pulse numbers

We now describe our main tools that can be used to follow solutions in the unstable manifold W*(y,) of
some slow internal orbit y, C .Ai. These tools will enable us to establish intersections between W¥(y,) and
Wi (A2) that lead to multi-pulse heteroclinic orbits described in Definition 5.1.

Suppose that y! C A! is an internal orbit. Then, as described in the previous subsection, W“(y!) contains
all the unstable fibers f¥(p) whose basepoints p = gé(l,,,q&p) lie on .. This implies that any solution u(r)
that intersects f“(p) “takes off” from the slow manifold A} near the point p. By standard Gronwall estimates
for £ > 0 small, u(¢) will enter a neighborhood Up of the other slow manifold .42. Upon entry it may or may
not intersect the local stable manifold W _(A%). To check whether this intersection occurs, we can monitor
the energy difference between u(¢) and the locally closest trajectory s;(¢) in WISOC(Ag). It can be shown (see
Haller and Wiggins [24]) that s;(t) intersects a stable fiber f](g) such that the basepoint of that fiber satisfies

a1 = 821, + O(Ve), ¢, + A" (I,) + O(VE)).

Then it is not hard to see from (5.8) that the leading order difference in the energies of u(r) and sy(#) is
eAYH(1,,¢,) with

AH(L @) =H* (1, ¢+ Ad° (1) ~H' (1, ),

since the fibers have necessarily the same energies as their basepoints. It follows that if the function A'H (1, ¢)
has a transverse zero (/,,¢,) falling on y! (i, p = gl(1,.#,) € y!) then the unstable manifold W*(y!)
contains a solution that takes off from . near the point p and lands on the slow manifold .42 near the point
q) defined above. This establishes a simple transverse heteroclinic connection between ! and a slow orbit
¥ C AZ In particular, if y! is periodic and all slow orbits on .42 passing near q; are periodic then we obtain
a “fast” transverse heteroclinic connection between two slow periodic orbits.

In general, however, the function A!H need not have any zero falling on the orbit y!. This means that for
& > 0 small enough, W¥(y!) leaves the neighborhood Uy of A2 without intersecting W}, (.A2). Looking at Fig.
7 we see that W*(y!) may exit Uy in the direction of one of the two persisting heteroclinic manifolds W}
or W, (see assumption (A3)). The exit direction turns out to depend on the sign of A'H|y) where ¥{ is an
orbit of the reduced Hamiltonian H' passing through the point (1,,¢,). This dependence can be described in
the following way. Let p(m) denote the unit vector normal to the heteroclinic manifold W9 at m € WY, which
points in the direction of W (see Fig. 6). We define the quantity

o =sign{DHo(m), p(m)). (5.10)

Note that by assumption (Al), o is independent of the choice of m. For o = +1 the orbits inside the region
bounded by WJUW; have higher energies than the orbits inside the region bounded by WY UW; . For o = —1
the opposite holds. We also introduce the parameter

x1(7y) = —osign (A"H|yy).

After a little thinking one realizes that for & > O sufficiently small, y;(y}) = +1 implies that W*(y!) exits
Uy in the direction of VV(;r and Xl(’)’(l)) = —1 implies that W*(y!) exits Uy in the direction of Wy . This
again follows from the fact that eéA'H|y! is a function that approximates the leading order difference in energy
between solutions in W“(yé) and the solutions closest to them in Wfoc(Ag).

Depending on its exit direction, W*(y!) is guided back to the slow manifold .A. by either the unbroken
heteroclinic manifold W} or by its counterpart W. . Then it passes near .4\ and subsequently enters the
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neighborhood Uy of .A2. This time the leading order energy-differences between solutions in W*( ¥l) and
Wi ( A?%) turn out to be given by eA>H (1, $) where (I, ) are the coordinates of take-off points on y} and

AH(L, ¢) =H2(1, ¢ + 284°(1) + AgX1 ) (1)) — H' (1, ).

Again, if A’H has a transverse zero on (/,,é,) on ), then it follows that y! is connected through a

transverse 2-pulse heteroclinic orbit (see Definition 5.1) to a slow orbit y2 C .42 that passes near the point
L

g2 = g2(1,, ¢y +28¢°(1,) + A9 (1,)). If A¥H has no zeros on 7}, then we define the constant

x2(y)) = —osign (A*H|y),

and the sign of this constant again gives us the correct exit direction for W*(y!) from Uj.
We can now repeat this construction recursively. Assuming that v} does not contain any zeros of the functions
A'H, A?H,..., A""H, for the nth entry of W¥(y.) into Uy we define the nth order energy-difference function

n—1

AH(L¢) =H2 | Lg+nag®(1) + > Agv W (1) | —H'(1,4). (5.11)

=1

If this function has a transverse zero (/,,&,) on ¥}, then we conclude the existence of a transverse, n-pulse
heteroclinic connection between y! C Al (that contains the take-off point p = gl(1,,¢,) after perturbation)
and another slow orbit y2 C A2 which passes O(+/&)-close to the approximate landing point

n—1

1
an=8. | Ip.p + 1A (1) +>_ AV (1)
I=1

Then we call the sequence x(¥3) = {x:(v})}i5' the jump sequence associated with y! because it describes how
the n-pulse orbit jumps between neighborhoods of the two heteroclinic manifolds W, and W, : If y;(%)) = +1

the orbit makes its /th pulse near W,", while for x;(y}) = —1 the orbit makes its /th pulse near W_ . For
example, for the 2-pulse heteroclinic orbit shown in Fig. 8b the jump sequence is simply y; = +1, while for
the 3-pulse heteroclinic orbit in Fig. 8c the jump sequence is y; = —1, y2 = +1.

Notice that for any internal orbit ¥} of the reduced Hamiltonian H' the sequence of energy-difference
functions and the jump sequence are well defined. Both sequences may be infinite, which means that for € > 0
small enough, there are no “finite-pulse” heteroclinic orbits backward asymptotic to y}. If the sequences are
finite, i.e., they terminate at an index N, then we conclude the existence of an n-pulse orbit backward asymptotic
to y.. We then call the number N = N(y}) the pulse number of y). We summarize this construction in the
following theorem.

Theorem 5.1. Let us assume that (A1)—(A3) hold. Suppose that for an internal orbit ¥, C A of the reduced

Hamiltonian H!,

(A4) N=N(¥)) < oo,

(A5) Let Z¥ C A be the transverse zero set of AYH. Suppose that Z" intersects y;, transversally in a point
by=,,¢,) and 7(2) is an internal orbit of the reduced Hamiltonian ? that contains the point I, dy)
with

N-1

ban = by + NAG (1) + 3 AGHT (1),

I=1
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Then there exists &9 > 0 such that for 0 < & < &g,

(i) There exists an N-pulse heteroclinic orbit yY which is backward asymptotic to an internal orbit y. € Al
and forward asymptotic to an internal orbit yz S Ag. Moreover, ( g}:)”‘(yé) and 7(1) are locally O(g)
C-close near the point (1,,¢,), and (g2)~'(y?) and ¥} are locally O(g) C"-close near the point
(117’ ¢ll~ ) -

(ii) y¥ lies in the intersection of W*(y!) and W*(¥2), which is transversal within the energy surface {H = h}
with & = H|y! = H|y%. The manifolds W*(y!) and W*(y?) intersect along y» at an angle of O(1) as
e — 0.

i) If ,\q(y(l)) = %1, then yé" makes its /th pulse near the heteroclinic manifold VVE:k
(iv) The manifolds W*(.A!) and WX(AE) intersect along the solution y¥ with O(e) transversality.

Proof. The theorem follows from our previous discussion and the results in Haller and Wiggins [24]. ]

Remark 5.1. Notice the peculiarity of statement (ii) stating that the stable and unstable manifolds of the slow
orbits yé and yf: intersect with O(1) transversality as a result of an order O(¢g) perturbation. On the surface,
this contradicts elementary facts from perturbation theory. However, one should not forget that we are not in a
regular but in a singular perturbation context: the slow periodic orbits together with their stable and unstable
manifolds are created by the perturbation. So although the stable and unstable manifolds of y! and y? keep
intersecting at an angle of O(1) as € — 0, they suddenly disappear at the singular limit of & = 0.

Remark 5.2. In most applications the nth order energy-difference functions and the jump sequences are in-
dependent of the choice of internal orbit y). (They are always independent in the homoclinic version of the
energy-phase method, see Haller and Wiggins [24].) In that case one does not have to go through the recursive
construction we described and the energy-difference functions and the jump sequence can be written down
immediately. In that case the application of the energy-phase method simplifies to finding the zero set Z" of
A"H for all n and identifying the internal orbits of ‘H' that have transverse intersection with, say, Z ¥ but no
intersections with Z1,.. ., Z¥=! In this manner one can obtain a global characterization of the internal orbits
of H! in terms of their pulse numbers and hence a classification of all existing multi-pulse orbits in a given
problem. We study such a case in Haller and Wiggins [25] where the theory developed in this paper is applied
to low energy oscillations of the water molecule.

Remark 5.3. Using Melnikov’s method combined with a version of the exchange lemma of Jones et al. [32]
described in Tin [56] and Jones et al. [32], one can find further multi-pulse orbits in the exponentially small
vicinities of single-pulse orbits homoclinic to slow manifolds. This is shown in Kaper and Kova&i¢ [33] for
the case when the slow manifold .4/ arises in the blow-up of a resonance band on a two-dimensional normally
hyperbolic invariant manifold.

6. Dynamics in the 3-DOF truncated normal form

In this section we first study the dynamics of the 2-DOF subsystem (4.16) using the energy-phase method,
then discuss the immediate implications of these results for the 3-DOF truncated normal form which is generated
by the Hamiltonian H in (4.15).
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X

Fig. 9. The invariant manifolds of system (4.16) for e = 0.

6.1. Invariant manifolds and multi-pulse orbits in the 2-DOF subsystem

Substituting (1, ¢) for (K2,¢») in (4.16), we see that the 2-DOF subsystem (4.16) is exactly of the form
(5.1). We fix some small but arbitrary A > 0 and define the annulus

A=A (1/w3)(h—d*/a*) — A] x S. (6.1)
Then

Ay={(x, K2, ) € P"|x1 = —\/h — w3K; — d?/a?, x; = ~d/a, (Ka,gn) € A},
A ={(x,K2. ) € P"|x) = +v/h — w3Ky — d?/a?, x,=—d/a, (Ka,yn) € A}, (6.2)

are two normally hyperbolic 2-manifolds connected through the heteroclinic manifolds
Wy ={ (x.K2.42) € P"| 1| < Vh— 03Kz, x2=—d/a, (Kp.th) €A},

Wi ={(x,Ko,4n) € P"| X} + X3 = h — 03Ky, x2 > —d/a, (Ko.t2) €AY,
Wy ={(x,Kz,n) € P"| 22+ x5 =h— 03Ky, x < —d/a, (Kz,yn) €A} (6.3)

We illustrate the geometry of these invariant manifolds in Fig. 9 (cf. Fig. 7). From (5.3)-(5.5) and (6.2) we
see that for fixed K; the embedding of the manifold A{) can be written as

&b (Kout) = ((—1/ /K = w3k — dJa%, —da. Kn, W), i=1.2. (6.4)

It follows from our earlier discussion that assumption (Al) is satisfied for system (4.16) (see Fig. 2).
Furthermore, as we see from Fig. 2, the heteroclinic orbits for our system have the geometry of Fig. 6. Also,
from (4.16) and (6.2), we see that Dk, Ho(x, K) =0 on A} and A2 for K; € [A, (1/w3) (K| — d?/a®) — A].
Hence assumption (A2) is also satisfied. As a result, all the sets and quantities of the energy-phase method
discussed at the beginning of Section 5 can be defined for system (4.16) with the substitution (/,¢) —
(Kz,4), and (P, &) — (P", oh).

The phase shifts defined in (5.6) can be easily computed (see Appendix A) and are found to be
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0
Ayy (Kz) =0,

_ —d
Aljlgl(Kz) = —w37 + w3 COS ! <a——m) ,

-1 _ _1 —d
Ay, (Ky) = w3 cos (—————am), (6.5)

where the superscript 1 refers to the phase shift on W(;‘L, and the subscript O refers to the phase shift on WJ.
The restricted Hamiltonians H. defined in (5.8) take the form

HI(Ky, g) = h+ e H (Ko, ¥ Ky) + O(&%), (6.6)

with the reduced Hamiltonians being specifically

H (Kp, 423 K1) =1?14((—1)f\/1<1 — 3Ky — d?/a?, —d/a, K, Ka, !//2), j=12. (6.7)

Throughout this section K = A is regarded as a fixed parameter in the function H/. Note that by our discussion
at the end of the proof of part (iii) of Proposition 4.2 (see (4.13),(4.14)), for any k € Z we have

Hj(K2’¢2+k‘/;2)=Hj(K29¢2)7 j=1v2’ (68)
H' (K2, 4n) = H* (K2 s + ko3[ k2 £ w3cos™ (—d/av/h — w3Kz)). (6.9)

Next, we give a sufficient condition under which assumption (A3) in Section 5 is satisfied for the 2-DOF
subsystem (4.16).

Lemma 6.1. Suppose that

(A3’) the resonant module M defined in (2.7) contains no element of the form (1,nz,n3) with the integers
ny and n, satisfying |na| + |n3| = 3.

Then assumption (A3) is satisfied for the 2-DOF subsystem (4.16).

Proof. Since assumption (A3) involves statements on invariant manifolds for the leading order perturbation in
system (4.16), throughout the proof all perturbed invariant manifolds will be defined with respect to quartic
perturbation &2 H4 of the cubic normal form Hamiltonian.

It is easy to verify that assumption (A3) implies the quartic complex normal form H»(z,7) + eH3(z,Z) +
&*H4(z,7) to have an invariant manifold satisfying z; = Z; = 0. Using the coordinate transformations in-
troduced in (4.1),(4.2), we see that this invariant manifold is given by K} — w3K3 — |x[*> = 0 in terms
of the (x,K,y) coordinates. This implies that for any fixed K; = h the Hamiltonian system generated by
H.(x,K) + € Hy(x,K, ) has a four-dimensional invariant manifold W which is diffeomorphic to §* x §'
and satisfies the equation

x} 4+ x3 + w3k, = h. (6.10)

We first want to show that under the effect of the leading order perturbation Hamiltonian £2H4, the perturbed
invariant manifolds A/ must be contained in W.

Suppose the contrary, i.e., suppose that, say, .A2 contains a point p such that p ¢ W. We recall that A2 is
O(e) C"-close to A2, and the stable fibers in Wi (A2) are O(g) C’-close to stable fibers in Wi _(.A2). Now the
stable fibers in Wi _(.A42) intersect the manifold W transversely at their basepoints with O(1) transversality. As
a result, the stable fiber fJ(p) must intersect the manifold W transversely. By assumption, the intersection point

is not the basepoint p of this fiber. But this implies that Wfoc(.A%) intersects W transversally near fi(p) N W.



G. Haller, S. Wiggins | Physica D 90 (1996) 319-365 345

But this contradicts the invariance of W hence A2 C W must hold. A similar argument shows that Al cw
must also hold.

Now observe that W also contains the manifold W"(A(z)) and this implies that W“(.Ag) is O(g) C’-close
to W. Therefore, W and W% _(.A2) both have the properties that they are locally invariant in forward time,
their closures contain A2, and they are are O(g) C'-close to WY _(.A2). But the existence theory of unstable
manifolds of normally hyperbolic invariant manifolds guarantees that the only manifold that has all these
properties in a neighborhood of A? is the local unstable manifold Wi (A2). Consequently, W and W¥( A?)

coincide near the slow manifold A2. Then, by invariance, they must coincide globally on W — (Al U 42). A
similar argument shows that W*(Al) = W — (AL U A?), which implies that W*(A2) = WS(A}). O

We note that (A3’) is always satisfied if «; is odd (cf. (3.13)). If (A3') is not satisfied in a given
application, one can replace it by some alternative assumption (e.g., by an appropriate form of reversibility
assumption on the quartic normal form terms) that also implies (A3).

To apply the energy-phase method we need to compute the energy-difference functions as defined in (5.11).
Using (6.7) we directly obtain that

n—1

A"H(Kg,lllz;Kl):if‘; \/K] —w3K2—d2/a2, —d/a, K], Kz, l/lz +ZA¢X’(Y3)(K2)
=0

By (Vi — 03Ks - @, —dfa, K1, Ko, o) (6.11)

where Xo(y(l)) = 0 and the jump sequence { X,(y(l))}l can be computed for a given Hy and y(l), as we described
in Section 5. After evaluating (6.11) for a concrete application, we can use Theorem 5.1 directly to show the
existence of transverse multi-pulse heteroclinic orbits in system (4.16). The choice of ) then depends on what
parts of the slow manifolds .4/ carry the types of motions we are interested in.

Remark 6.1. We note that since the jump sequence {y;(v})} is defined via “open” conditions, it will be the
same for a family I'V of internal orbits that contains y}. As a result, the same energy-difference function defined
in (6.11) can be used for this whole family of internal orbits to find transverse, N-pulse heteroclinic orbits
backward asymptotic to members of the family. Each member in the family /™" intersects Z¥, the zero set of
the corresponding Nth order energy-difference function, transversally. Note that the order of this transversality
is O(1), i.e., members of the family IV intersect the zero set ZV transversally at an angle of O(1) as & — 0.

Remark 6.2. It is shown in Haller and Wiggins [24] that the zero sets ZY are O(+/e) C'-close to a curve of
basepoints of stable fibers, that intersect the N-pulse orbits backward asymptotic to the family IV described in
Remark 6.1. In other words, based on our discussion in Section 5.3, Z¥ approximates the set of approximate
take-off points for the N-pulse orbits as they leave the family I'V in forward time.

6.2. Implications for the 3-DOF truncated normal form

We now discuss what the results of the previous theorem for the 2-DOF subsystem mean for the blown-up,
3-DOF truncated normal form
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%1 =ela(K) — 03Ky — x3 — x3) — 2(d + axy) x2] + "D, Hy(x, K, Y} €),

¥y =&2x; (d + axy) — €D H (%, K, 43 €),

Ky =~ Dy, Hy (x, K, 3 €),

dn = —ew3 (d + axy) + e? D, H\ (x, K, 3 &),

K =0,

g1 =1 +e(d +axy) + Dy, Hi (x, K, g3 €) (6.12)

with H, defined in (4.17). Subsequently, we show that similar results hold for the original truncated complex
normal form (2.9).

Recall that system (6.12) derives from the Hamiltonian (4.15) on the phase space (P, w). Since K; is an
integral for this system, any invariant set S in the phase space (P*, ") is manifested as an invariant set S*
in the K| = h hypersurface of the phase space (P,w), such that S* is diffeomorphic to S' x S. Now letting
K| = h vary in some open interval U C R*, we obtain a one-parameter family of invariant sets of the form
U x &*. In particular, for € > 0, we obtain the four-dimensional, normally hyperbolic invariant manifolds

Mi=UxS'xA, j=1,2. (6.13)
which are given by the two C” embeddings
Gl:UxS' xA—P, (Ki,g,Kp,th2) — (Ki,¢h,8l(Ka,t)), j=1,2. (6.14)

Although they are not hyperbolic, Mé still exist as smooth limits of manifolds, with the corresponding
embeddings G) : U x S! x A —> P, j = 1,2. The manifolds M/ have five-dimensional stable and unstable
manifolds of the form

WS (M) =U x §' x WS (A, j=1,2. (6.15)

The following proposition gives us information about the dynamics on M.

Proposition 6.2. There exists g9 > O such that for 0 < £ < gy the following are satisfied:

(i) Let I : MJ — P denote the inclusion map of MY, j = 1,2. Then (M{, (I})*w) are invariant, symplectic
4-manifolds on which the (integrable) dynamics is generated by the restricted Hamiltonian H| M/ =
(T A.

(ii) For any fixed K; = h € U and for j = 1,2, an internal orbit 'yé of the reduced Hamiltonian (6.7) for
the 2-DOF subsystem (4.16) yields a two-dimensional invariant manifold 7/ C (MJ N {K| = h}) for
system (6.12). If 'yé is periodic then 7? is an invariant two-dimensional torus which is O(g) C"-close
to the set GJ({h} x ' x v}).

(iii) 7/ has three-dimensional stable and unstable manifolds, denoted W*(77) and W*(7/), respectively.

Proof. These results follow from our calculations in Section 6.1 and from Theorem 5.1 by noting that after
rescaling time by &, the (x, K>, 4») equations in (6.12) coincide with the 2-DOF subsystem (4.16). O

Next, we consider how N-pulse heteroclinic connections in the 2-DOF subsystem are manifested in system
(6.12) that is generated by the truncated Hamiltonian A. First, note that under assumption (A3’) in the previous

section, it follows that W* (./\;1;) = W (Mﬁ) which have “upper” and “lower” components denoted D;} and

D, respectively. To facilitate the statement of the results, we introduce the set
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E(h, hy) ={(x,K.¢) € P|Ki = h, H(x,K.42) = hy} . (6.16)

Notice that for fixed A, > 0, |hy| < hy, the set E(hy, hy) is a four-dimensional sphere that lies in the intersection
of the two five-dimensional spheres K; = Ko = const. and A = const. with & defined in (4.15). Without the
quartic and higher order terms in the normal form, this 4-sphere contains the three-dimensional set M* (with
h = Ko + ehy) and the bounded components of its stable and unstable manifolds. It is easy to verify from the
expression for the Hamiltonian H, that the intersection of the two 5-spheres is non-transverse along M" but is
transverse away from A"

Theorem 6.3. Suppose that assumption (A3’) is satisfied and that yé € Aé, j = 1,2, are internal orbits of the
2-DOF subsystem satisfying the hypotheses of Theorem 5.1. Then there exists gg > 0 and an open set U C R*
with # € U such that for 0 < e < g and Ky =h € U,
(i) The corresponding sets 7/ € MJ N {K; = h}, j = 1,2, described in Proposition 6.2 are connected by a
two-dimensional, N-pulse cylindrical surface ¥/ which is diffeomorphic to y¥ x §' (see the statement
of Theorem 5.1).

(ii) The solutions contained in ¥¥ make their /th excursion around D] if ,\/,('y(')) = +1, or around D_ if
xi(vh) = 1.

(iii) The manifold W*(Z.') intersects W*(7T2) transversally within the 4-sphere E.(h, H|T)) with O(1)
transversality, but the intersection is not transversal within the corresponding full energy surface H =
const.

(iv) The manifolds W*(M!) and W*(M?) intersect transversally along the N-pulse solution set ¥V with
transversality of order O(g).

Proof. Statements (i)—(iii) are immediate applications of Theorem 5.1 and Proposition 6.2. The transversal
intersection of W*(M]) and W*(M?2) along ¥V in statement (iv) follows from the fact that the manifolds
W¥(T2) and W*(T?) intersect transversally within the surface E,(h, H|T.'), hence at any point p € ¥ the
tangent space T, W*(M!) contains a one-dimensional subspace that is not contained in the three-dimensional
space T, W“‘(M%) (see also Remark 5.1). The order O(e) transversality of the intersection follows from (iv) of
Theorem 5.1. and the persistence theory of normally hyperbolic invariant manifolds (see, e.g., Appendix C).U

In most cases the internal orbits y(') and 7(2) appearing in this theorem are members of families of periodic
orbits in the annulus A. It may also happen that they map to the same set of points in the orbit space F h (defined
in Section 3.2.1) under the map Q" defined in (4.12) (see, e.g., Haller and Wiggins [25] or the potential
problem considered in Van der Aa and Verhulst [59]). Thus transverse heteroclinic connections between their
perturbed counterparts actually yield transverse homoclinic connections in system (2.9). For this case we have
more specific results.

Proposition 6.4. Suppose that y) and 7(2) are periodic orbits with the assumptions of Theorem 6.3 holding. Then
for € > 0 small enough,

(1) T ' and ’,7'2 are members of two-parameter families of whiskered 2-tori. The whiskers W“(T‘) and
W( 7-2) intersect transversally within E(h, H |T 1), and their intersection contains a two-dimensional,
N-pulse, cylindrical set diffeomorphic to yY x S'. Along this set the manifolds W4(T!) and W* (TH
intersect at an angle of order O(1) as € — 0.

Suppose further that
(A6) For some integer k either 72*(')/0) = 70 or Ry (¥ = 70 where the rotation maps 72 A — A are
defined by
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RE(K2,y2) = (Kaotha + k"2 % w3005~ ( 4 )) (6.17)
K2 ava
(see (4.14)).
Then for & > 0 small,

(ii) On energy surfaces close to the surface H = h € U an appropriately defined four-dimensional Poincaré
map of system (6.12) has invariant Cantor sets of two-dimensional annuli. On these Cantor sets the
Poincaré map is topologically conjugate to a full shift on a finite number of symbols.

(iii) The truncated normal form (6.12) does not possess any nontrivial analytic integral other than A and K.

Proof. Statement (i) is a consequence of Theorem 6.3. To prove statement (ii) we observe that under as-
sumption (A6) the proof of (iii) of Proposition 4.2 shows that the orbits ¥} and y3 both lie in the image of
a single closed curve C, under the covering map Q*. In Theorem 6.5 below we prove that C, does imply the
existence of an invariant torus 7, in the original problem, hence we obtain the existence of a one-parameter
family of homoclinic orbits to 7;. Now the S' symmetry of the truncated normal form is of course present in
the Hamiltonian system generated by (2.9) as well, hence one can also reduce the original problem to a 2-DOF
(complex) subsystem. That system then contains a periodic orbit corresponding to C. that has a transverse
homoclinic orbit. By the Smale-Birkhoff homoclinic theorem (Smale [55]) this implies the existence of an
invariant Cantor set of points in the 2-DOF complex subsystem on which an appropriately defined Poincaré
map is topologically conjugate to a full shift on a finite number of symbols. For the full 3-DOF complex system
this implies the existence of a Cantor set of annuli with similar properties. Since these Cantor sets are isolated
from the normally hyperbolic invariant manifold 75 o T3(AMJ) by construction, they map diffeomorphically into
the phase space of system (6.12) under the transformation T;l o TZ“1 (see also the proof of Theorem 6.5).
This completes the proof of statement (ii). Finally, statement (ii) and a theorem of Moser [49] together prove
(iii). tJ

Notice that Proposition 6.2, Theorem 6.3, and Proposition 6.4 are statements about the blown-up normal form
(6.12). Since this system is related to the original truncated normal form (2.9) via the singular transformation
T, o Ty, the validity of these statements for the original normal form (2.9) is an issue we need to address
separately.

Theorem 6.5. There exists g > 0 such that for 0 < & < g the following are satisfied for the truncated complex
normal form (2.9):

(i) Let M, =T?o T (M} U M2) and let I;: M, — C3 be the inclusion map of #,. Then (M.,I*(2) is a
four-dimensional, normally hyperbolic, symplectic invariant manifold for the Hamiltonian (2.9).

(ii) For any fixed K; = A € U and for j = 1,2, an internal orbit yé of the reduced Hamiltonian (6.7) for the
2-DOF subsystem (4.16) yields a two-dimensional invariant manifold T/ = T, o T3(7}) C (M U {z) =
7y = 0}) (see (ii) of Proposition 6.2). If yé is periodic then Tg is a two-dimensional invariant torus
which is O(g) C"-close to the set T, 0Tz 0 Gé({h} x S x yé). Since (73 0 T3) ~! is multi-valued, there
exist different tori of the form 7.! and 72 that map to the same torus 7/ under the map T; o T.

(iii) T/ has three-dimensional stable and unstable manifolds, denoted W*(T/) and W*(T!), respectively.

(iv) Suppose that the assumptions of Theorem 6.4 hold. Then the two-dimensional tori T} are connected by
a two-dimensional, N-pulse heteroclinic manifold which is diffeomorphic to y¥ x S! (see the statement
of Proposition 6.4). Solutions in this manifold are backward asymptotic to T, leave and return to a
neighborhood of the plane z; = Z; = 0 N-times, and finally approach 72 asymptotically. Moreover,
WH(T!) intersects W*(T?) transversally at an angle of order @(1) (as & — 0) within the set
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E.(h HT)Y ={(2,2) €C® | Hy(z.Z) = h, H(z,7) =

o

7}

Suppose further that assumption (A6) of Proposition 6.4 are satisfied. Then

(i) T, = T'! = T? is a member of a two-parameter family of invariant, whiskered tori. The whiskers
W*(T,) and W“(T,) intersect transversally with O(1) transversality within the set E.(4, H|T,) in a
two-dimensional, N-pulse, homoclinic manifold, which is diffeomorphic to y» x §'.

(ii) On energy surfaces close to the surface H = h € U an appropriately defined four-dimensional Poincaré
map for the system generated by (2.9) has invariant Cantor sets of two-dimensional annuli. On these
Cantor sets the Poincaré map is homeomorphic to a full shift on a finite number of symbols.

(iii) The truncated normal form (2.9) has no nontrivial analytic integral other than H and H,.

Proof. Statement (i) follows directly from (i) of Proposition 6.2 so we turn to the proof of (ii)-(vii).
From (4.1) and (4.2) one can verify that the coordinate representation for the inverse transformation 7> 0 T3
is given by

2= V2(K — wiKs — [x]2) cos g + i/2(K) — w3Ky — |x]?) singy,
2 =Xxpc08 24 — xysin2yy — i(x) cos 2y + xp8in2¢y),
2 =v2Ky¢0s (i + wshy ) +i/2Kysin (Y2 + wayh ), (6.18)

and of course, we have the complex conjugates of these expressions for Z), 7, and z3. This inverse transformation
is a composition of symplectic diffeomorphisms away from W (defined in (6.10)). Since the stable manifolds
of the manifolds 7_'82 in system (6.12) do not intersect YW (because 7—'3 C W), they are mapped back
diffeomorphically into C°. Similarly, the unstable manifolds of the manifolds 7,' map to diffeomorphic objects
in C®, which proves the second part of statement (i). Also, the Smale horseshoes described in (vi) are separated
from W by construction, so statements (vi)-(vii) follow directly from Proposition 6.4. However, the inversc
transformation (6.18) is degenerate on W, so the existence of two-dimensional whiskered tori and the related
statements in (ii)-(iv) and in the first part of (v) for the normal form (2.9) do not follow immediately.

We construct the tori in question in a limit procedure that uses the invariant foliations of stable and unstable
manifolds of M, (see also Sections 5.3 and 7 for discussion). We observe that the closure of, e.g., T> o

T;(W]’:)C('Y-;’)) intersects M, in an object diffeomorphic to 7,'. Using the results of Fenichel [18] on the
foliation of unstable manifolds (see Appendix C.1), we conclude, that this object is a sct of basepoints of
unstable fibers that is C"-diffeomorphic to a two-dimensional torus. By the invariance properties of fibers this
torus is necessarily invariant and it carries the same types of motions as 7_'. Therefore M, contains an invariant
torus corresponding to 7! which has a three-dimensional unstable manifold. Using the local stable manifold
W: (T2) we obtain in the same manner that M, also contains an invariant torus corresponding to 7, which
has a three-dimensional stable manifold. Since each torus on M, has representations in both M! and M? (see
(iii) of Proposition 4.2), we obtain that each torus in the normally hyperbolic invariant manifold M, has both

stable and unstable manifolds. Then statements (i1)-(iv) follow from Proposition 6.2 and Theorem 6.4. B

Remark 6.3. We note that the same statements are true for the corresponding truncated normal form of our
initial system (2.2) given in the (p,q) coordinates, since the transformation 7; introduced in (2.4) is a
diffeomorphism. The only difference is, that the stable and unstable manifolds of the whiskered tori intersect at
an angle of order O(&) as a result of the scaling of variables (described after (2.4)) which we used to obtain
the complex Hamiltonian system defined by (2.5).
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7. Dynamics in the full 3-DOF system

We now return to our original 3-DOF system which appears in the (x, K,¢) coordinates in the form

% =5DH(x,K) +hDH | (x,K,y;€) + e\ LD Hr(x, K, 5 €),

Ky =—&"Dy,Hi (%, K, y; 8) — "' Dy, Hr(x, K, 3 8),

Y =Di,Hc(x,K) + & D, H (x, K, ;) + 6°~' D, Hr (x, K, ; ),

Ki=—&’"'Dy, Hr(x,K, ¢; ),

¥y =D, Ho(x,K) + & D, Hi(x, K, y2; &) + &' Dg, Hr(x, K, i3 €). (7.1)

This system derives from the Hamiltonian
H(x,K,¢;8) = Ho(x,K;8) + & H (x,K,Yn;8) + &~ Hr(x, K, 3 ), (7.2)

where H. = K; + eHy(x, K) is the cubic normal form Hamiltonian (see (4.3) and (4.17)), H, contains
higher-order normalized terms (see (4.17)) and Hr contains the “tail” of the normal form which we have
ignored so far.

First we examine the existence of regular motions in this system which lie on the continuations of the
invariant 3-tori described in Proposition 3.1. These motions can be divided into two distinct families and will
be seen to occupy a set of large measure in the phase space. As a result, they have substantial influence on
typical trajectories. However, they do not account for the irregular behavior which is usually observed near
strongly resonant equilibria. As our results for the truncated normal form indicate, strongly irregular motions
can exist in a neighborhood of the hyperbolic structure described in Proposition 4.2, which forms the boundaries
of the two domains that contain 3-tori. We analyze the persistence of elements in this hyperbolic structure after
discussing the continuation of 3-tori. First we examine the persistence of M! and M? along with their stable
and unstable manifolds, and their foliations (discussed after Theorem 5.1), under the @(e?~') terms in (7.1).
Then we study the persistence of invariant 3-spheres on M. and M2, and subsequently examine what remains
of the N-pulse heteroclinic or homoclinic connections between 2-tori. Finally, we relate our results back to the
original complex Hamiltonian system (2.5) defined on the phase space (C?, (2).

7.1. Persistence of 3-tori: regular motions

We rewrite the full Hamiltonian (7.2) in the form
H(x,K,;8) = Ky + eHo(x,K) + O(&?), (1.3)

with Hy defined in (4.17). As we described in Proposition 4.1, without the O(&?) terms this system has two
3-parameter family of 3-tori, that correspond to the families of periodic orbits shown in Fig. 2. For fixed values
of K} and K>, we can express the variable x; on these periodic orbits as piecewise smooth function of x; in
the form

X2 = Xa2(x15 Ky, Kz, ho),

where hg denotes the value of Hy on a given periodic orbit. (For simplicity, we do not distinguish in our
notation between the two families of periodic orbits). Now we can introduce action-angle variables for the
pertodic orbits using the usual construction for 1-DOF Hamiltonians (see, e.g Arnold {4]). The action-angle
variables (J3,@3) are related to x; and x; via a transformation
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xi=a1(J3,05,K,Ky), x2=a,(J3,03K,K3),

which transforms the two-form dx; Adx; into d@; AdJs for fixed values of K, and K>, and puts the Hamiltonian
Hy(x,K) to the form

Ho(K\, K>, J3) = Ho(a(J3,03; K1, K2), K1, K2). (7.4)

To make this transformation canonical for the full system (i.e., for the case when K; and K, are allowed to
vary), we also transform the variables (K;, K2, 41,42) to (Ji,J2,0;,0,) using the generating function

X
SCx1 g, i dou d) = /Xz(y; Iy d, Bo(dh, Jy J3)dy + i Ji + o,
]

which generates the transformation

Ky =Jy, Ky = /s,
Xy X1
) _ 75
=6 — / (Dy, X2 + Dy XDy Ho) dy, =0 — / (Dy, X2 + Dy X2D 1, Ho) dy. (7:3)
0 0
In this new set of variables we obtain the transformed full Hamiltonian
H(J) = Hoo(J)) + eHo1 (J) + O(&?), (7.6)
with
Hoo(J)) =41, Ho(J) = Hy(J) = Hy(a(J3,05; 71, 12) . 1, J2). (7.7)

This Hamiltonian is formally in the proper coordinates for the application of the KAM theory to the invariant
3-tori present without the O(&*) terms. However, H becomes degenerate in the limit of € = 0 because Hyo
does not depend on the action variables J, and J3, and as a result, all unperturbed tori are resonant. This is
exactly the situation that is called proper degeneracy in Arnold et al. [5]. It is shown in Arnold [2] that if the
term eHp; “removes” the degeneracy of the £ = 0 limit, i.e., it creates a family of 3-tori which satisfy certain
regularity assumptions, then most of these newly created 3-tori will persist under the effect of O(&?) terms.
Sufficient regularity conditions are isoenergetic nondegeneracy for Hoo and nondegeneracy for Hy; with respect
to the (Jo, J3) variables. In our case this leads to the conditions

Dy Hyp # 0, det(D{,, ;, Ho) # 0, (7.8)

where D?‘ 1.4y Hor denotes the Hessian of Hy with respect to the variables J, and J;. The first condition is
obviously satisfied, but verifying the second one leads to formidable calculations. Fortunately, some related
calculations are performed in Kummer [36] for the existence of quasiperiodic motions in the truncated 1:2:3
normal form for parameter values near a symmetry. The Hamiltonian that arises there can be shown to be
equivalent to our Hamiltonian Hy; for zero detuning (4 = 0). Using this analogy we can make use of the
calculations of Kummer and prove the following result.

Lemma 7.1. There exists dy > 0 such that for detunings with |d| < dg both nondegeneracy conditions in (7.8)
are satisfied on all but a finite number of isolated, measure zero subsets of a finite number of energy surfaces
Hy) = const.

Proof. See Appendix B. Ll
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From this lemma, using the results in Arnold et al. [5], we obtain the following theorem on the existence
of quasiperiodic motions in the full 3-DOF system (7.1).

Theorem 7.2. There exist g9, dy > 0 such that for 0 < & < & and |d| < dp most invariant 3-tori of the cubic
truncated normal form (4.3) survive on all but a finite number of energy surfaces in the full system (7.1) and
hence in the original complex system (2.5). On each energy surface the surviving tori form two families, and
carry quasiperiodic motions with one frequency of order O(1) and with two frequencies of order O(e). The
measure of the tori that do not survive tends to zero as £ — 0.

We remark that Arnold’s theorem is originally proved for analytic Hamiltonians, but as for other versions of
the KAM theorem, smoothing techniques introduced by Moser can be employed to obtain the same result for
n-DOF Hamiltonian which that are of class C2"+! (see Poschel [52] or Arnold et al. [5]).

7.2. Persistence of ML, W*S( ML), the invariant foliations, and the multi-pulse solution sets

Neither the persistence of M/ nor the persistence of W**(MJ) with their invariant foliations are trivial
issues because M/ is only weakly normally hyperbolic in system (7.1): its stable and unstable manifolds,
as well as M/ itself disappear for € = 0. So the general persistence theory for normally hyperbolic invariant
manifolds (see, e.g., Wiggins [63]) does not apply immediately and some extra work is needed to show that
the weakly hyperbolic M/ and its stable and unstable manifolds are sufficiently robust to survive the effect
of the tail of the normal form. Once this is established, the survival of multi-pulse solutions follows easily
since they lie in the transverse intersection of surviving manifolds. Their exact asymptotics, however, is a more
difficult question which will be addressed in Sections 7.3 and 7.4.

To formulate the persistence result we need, let us consider K; values lying in some closed interval V; C U.
As earlier, we choose some small but arbitrary A > 0 and consider

1
KyeVh= |A, — (K —d*/a*) — A|.
w3

We then have the following result.

Theorem 7.3. There exists gy > 0 such that for 0 < & < gy and for j = 1,2,
(i) System (7.1) has an invariant, four-dimensional C” manifold M. given by an embedding G/: V; x S! x
V2 x §' — P, which is O(&?) C"-close to the map Cé on its domain.
(ii) If J3: ML < P is the inclusion map of M then (M, I/*w) is a symplectic manifold on which the
dynamics is generated by the Hamiltonian ’er = H|M{ with H defined in (7.2).
(iii) M{ has five dimensional stable and unstable manifolds W“(Mé) and W”(M{;), which are O(&?)
C"-close to WS(M) and W¥*( M), respectively, in a neighborhood of the manifold M.
(iv) If the conditions of Theorem 6.3 are satisfied then W¥(AM!) and W5(M?) intersect transversally along
a four-dimensional invariant set ¥". This set contains N-pulse solutions with jump sequence X(yé) (see
Theorem 6.3).

Proof. For the proof of (i) and (iii) see Appendix C. Then statement (ii) follows from the fact that M{: is
O(&?) Cr-close to M hence I/*w remains nondegenerate, and it is trivially closed. Statement (iv) follows
from (iv) of Theorem 6.3 and from the O(e) C"-closeness of WitS (M) to WES(MY). O

loc loc
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Both the stable and unstable manifolds of A/ are foliated by invariant families of submanifolds, or fibers
with properties similar to those discussed in Section 5.3. The following theorem describes the properties of the
stable foliation in the context of system (7.1), but similar results hold for the unstable foliation.

Theorem 7.4. There exists gy > 0 such that for 0 < & < g there exists a four-parameter family of curves,
called the stable fiber that can be represented as

x = folx1: Ky, Iy, €),

K= fx(x1;Kp, by, €),
U= fy(xi;Kp, by, 8). (7.9)

The four parameters for this family are given by the coordinates (Kj, ) of points b € M2, and f., fk.
and f, are C" functions of these coordinates and of x| and e. The point b = Gg(K;,,a//,,) is referred to as the
basepoint of the stable fiber represented by the functions (fx(~;Kb, wb,s),f,((-;Kb,t,//,,,s),f,,,(-;K;,,L//,,,s)).
Furthermore,

(1) Fibers are mapped into fibers by the time ¢ flow map of system (7.1).
() Wi (M2) = Upengs (£ Ko, ), Fie (15 Kooy, ), fi (615 Koo ) ).

(iii) Let (Kp(#),45(2)) be a trajectory in Mg satisfying (Kp(0),¢»(0)) = (Kp,¢p) and let
(x(1),K(1r),(1)) be a trajectory in WS _(M?) satisfying

x(0) = fo(x1(0); Kp, ¢y, £),
K(0) = fx(x1(0); Kp, thp, €),
W (0) = (x1(0); Kp, s, £), (7.10)

i.e., the trajectory starts on the fiber with basepoint b. Then

[(x(1), K(0), (1)) — GL(Kp(1),hp(1))] < Ce™

for all + > 0 and for some C, A > O as long as (K,(1),¢,(1)) € Mg In other words, trajectories
starting on a stable fiber asymptotically approach the trajectory in A2 that starts on the basepoint of the
same fiber.

(iv) The N-pulse solution-set ¥V described in Theorem 7.3 intersects a 3-parameter family of unstable fibers

in W _(M!]) whose basepoints form a three-dimensional hypersurface Z¥ in the manifold M. Z¥ is
O(/e) C'-close to the set G} (U x S! x ZN), where Z" is the zero set of the energy-difference function
AVH defined in (6.11).

(v) Based on assumption (AS5) of Theorem 5.1, let us define the rotation map Ry: A — A of the annulus A

by

N-1

Ru(Kas) = | Koot + NAS(K) + 3 Ay (K)
=1

Then the N-pulse solution-set Y7 also intersects a 3-parameter family of stable fibers in WI'ZJC(Mg) whose
basepoints form a three-dimensional hypersurface Z¥ in the manifold M2 ZVN is O(/&) C'close to
the set Gg(U x St x Ru(ZM)).
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WM:)

Fig. 10. Double-pulse solution set Y2 with the corresponding take-off and landing surfaces Z¥ and Zf .

Proof. For the proof of (i)-(iii) see Appendix C. Statements (iv) and (v) follow from Theorem 5.1, Remark
6.2, and the fact that the stable and unstable fibers are C" functions of «. O

A schematic visualization of statements (iv) and (v) can be seen in Fig. 10 for the case of a double-pulse
solution set Y2.

7.3. Persistence of invariant 3-spheres on M

In Proposition 6.4 we described how periodic orbits of the reduced Hamiltonian 7/ (defined in (6.7)) give
rise to two-dimensional invariant tori on the four-dimensional invariant manifold M/ in the quartic truncated
normal form. If these tori lie in a neighborhood of an equilibrium on A4] at which the restricted Hamiltonian
H/ is positive definite, then the energy surfaces containing the tori are diffeomorphic to the three-dimensional
sphere $3. While the survival of the whiskered tori on the manifold Mé is a subtle question (see Section 7.4),
the survival of the 3-spheres containing them is relatively easy to show. In this subsection we address this issue
and also relate the persisting multi-pulse solution sets to the surviving spheres.

Theorem 7.5. Suppose that assumption (A3’) of Section 6.1 is satisfied and for j = 1,2, yé C A is a periodic
orbit of the reduced Hamiltonian (6.7). Suppose further that ){, C A is a member of a family of periodic
solutions encircling an equilibrium point at which the reduced Hamiltonian H’(K,,yn; K1) (see (6.7)) is
positive definite. Then for ¢ > 0 sufficiently small,

(i) There exists a one-parameter family of invariant 3-spheres on the manifolds M and M? which are are
connected by N-pulse heteroclinic orbits contained in the set ¥,¥, where N = N(y}) is the pulse number
of y(l) (cf. Theorems 7.3,7.4). These N-pulse solutions make their /th excursions near the set Wgt if
,\/,('y(l)) = %1, where X('y(l,) is the jump sequence associated with 7(1) (cf. Section 5.4).

(ii) Any two 3-spheres S! and SZ, that are connected by N-pulse orbits, have four-dimensional stable and
unstable manifold. The intersection of these invariant manifolds is transverse within their energy surface.
Finally, the order of splitting of W*(S!) and W5 (8?) along an N-pulse heteroclinic orbit is O(1) as
e — 0.
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(iii) If assumption (A6) of Proposition 6.4 holds then an appropriate Poincaré map for system (7.1) possesses
invariant Cantor sets of two-dimensional annuli. On these Cantor sets the Poincaré map is topologically
conjugate to a full shift on a finite number of symbols. As a consequence, system (7.1) has no more
than two nontrivial, independent, analytic integrals.

(iv) The persisting 3-spheres, the heteroclinic orbits connecting them, and the Cantor sets described in (i)-
(iii) also exist in the original Hamiltonian (1.3). There the connections are all homoclinic if (A6) is
satisfied. However, the order of splitting of stable and unstable manifolds of the 3-spheres is O(e).

Proof. Let us consider the restricted normal form Hamiltonian H| M, = K, + e?H/ (K, ¢, K|) + O(&*) (here
we use the definition of the reduced Hamiltonian from (6.7), but consider K as a variable). By the assumptions
of the theorem, I:II/\;Ie is positive definite on a domain containing an equilibrium close to K| = 0, K> = Kpg,
2 = ihg. (Note that all such equilibria are mapped back into the trivial zero equilibrium of the original
Hamiltonian H(p, g) since K; = 0 implies p = g =0.) As a result, there exists a family of level surfaces of
H| M, that are three-dimensional spheres embedded in the four-dimensional manifold MJ. These spheres are
the intersections of the five-dimensional energy spheres H = h = const. with the invariant manifold M.

First we want to argue that these invariant spheres survive on the perturbed manifold M. It is clear that they
survive if we include higher order normal form terms in the normal form Hamiltonian H (see (4.15)), as those
still generate an integrable dynamics on the corresponding perturbation of AMMJ. To establish their persistence
for the full Hamiltonian H, it suffices to show that the 3-spheres lie in the O(1) transverse intersection of their
energy surfaces {H = const.} with the manifold MJ. Then the nonsingular energy surfaces and the manifold
M perturb smoothly under the effect of the O(e?~!) “tail” of the normal form, hence their (compact)
intersection set perturbs smoothly to a nearby, diffeomorphic intersection set. To prove transversality, we will
identify a subspace of the tangent space of M at the points of intersection which is not contained in the
tangent space of the energy surface {H = const.} at those points.

The invariant manifold M/ for the truncated normal form Hamiltonian H can be written in the form

x1=Vh-d?/a® — 3Ky + X (K, @) + O(e?), x3=~d/a+etr(K, ) + O(e). (7.11)
In terms of the coordinates (x, K, ), one tangent vector at any point of this manifold is given by

vy, = (0,0,0,0,0,1).
At the same time the gradient of the Hamiltonian A at any point of M is given by

DH|MJ = &8 DH4| M} + O(&),
hence we obtain that at any point p € M/,

<DH’Ul//2>

_ = Dy, Hy| M + O(g). (7.12)
DAy, ~ v HMot 0@

Since yé is assumed to be a member of a family of periodic orbits encircling a fixed point, it follows that on
any solution on any of the spheres Dy, Hs = 0 can only hold at isolated points. Hence on any solution contained
in a 3-sphere we can pick a point p such that the expression in (7.12) is nonzero at p. Consequently, vy, is not
in the tangent space of the energy surface at p, i.e., {H = const.} intersects M/ transversally at p. Moreover,
the transversality is of order O(1) as € — 0, as we see from (7.12). Now the flow map of the system is
a diffeomorphism for any fixed finite time, hence the O(1) transversality between the two invariant surfaces
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{H = const.} and M/ is preserved for finite times. In particular, O(1) transversality holds at any point of the
invariant 3-spheres on M. This completes the proof of the persistence of spheres on M/,

To finish the proof of statement (i), we note that, as we pointed out in Remark 6.1, v} is a member of a
family of periodic solutions of the reduced Hamiltonian H/ (K3, ¢n; K1o) that intersect the zero set Z¥ with
O(1) transversality. This implies directly that a one-parameter family of the three spheres S! in the truncated
normal form intersects the set G! (U x S' x Z¥) with O(1) transversality within the manifold M.. Since the
surviving spheres on M/ deform smoothly by an order @(&) amount and the “take-off” set Z¥ is O( /e)
C'-close to G/(U x S' x ZN) (cf. Theorem 7.4), we obtain that Z is intersected by a one-parameter family
of 3-spheres with transversality of O(1). The same argument applied to the “landing surface” Zi" of N-pulse
solutions proves statement (i).

The local stable and unstable manifolds of any surviving 3-sphere can be constructed by taking the union of
stable and unstable fibers whose basepoints are contained in the 3-sphere. Then the global stable and unstable
manifolds of the sphere are obtained in the usual way by applying the flow to the local stable and unstable
manifolds. The O(1) transversality of the intersection of these surfaces along the surviving N-pulse orbits
again follows from the O(1) transversality already present in the truncated normal form, which can be seen
immediately based on the geometry of the spheres and the basepoint set Z". This completes the proof of (ii).

Statement (iii) follows from Proposition 6.4 and from the structural stability of horseshoes under the O(e?™ )
perturbation given by the tail of the normal form. Finally, the proof of statement (iv) is the same as the proof
of Theorem 6.5 (cf. Remark 6.3). O

7.4. Persistence of whiskered tori

In Proposition 6.4 we described how periodic orbits of the reduced Hamiltonian 7’ (defined in (6.7)) give
rise to two-dimensional invariant tori on the four-dimensional invariant manifold M/ in the quartic truncated
normal form. Now we would like to see whether these tori continue to exist on the persisting manifold M/ in
the full system (7.1). The significance of possible surviving tori is great since they can be used to identify the
exact asymptotic behavior of the multi-pulse solutions which are homoclinic to the 3-spheres described in the
previous theorem. At this point we can only conclude that the multi-pulse solutions stay close to the 2-tori of
the truncated normal form on time scales of order O(1/e?~!).

Unfortunately, there seems to be no version of the KAM theory that can be used to show that the majority
of the 2-tori survive the effect of the tail of the normal form. In particular, the results of Moser, Graff, or
Zehnder (see [47,22], and [64]) require constant Lyapunov exponents along the unperturbed whiskered tori.
Another reason why these results do not apply directly is that fact that for & = 0 the manifold M simply
disappears. A direct application of the KAM theory to the dynamics on M/ is not possible either since the
restricted symplectic form is noncanonical. As a result, the restricted Hamiltonian vector field cannot be written
in a near-integrable form in any obvious way.

Nonetheless, the survival of the majority of the above tori can most likely be obtained by going through
the main steps of the KAM construction in the context of our particular system. In fact, we expect much
more of these tori to survive than in usual applications of the KAM theorem. The reason is that the order of
possible resonances between the frequencies of unperturbed tori is O(1/&?). For our C" smooth Hamiltonian
H{Q this means that the first resonant terms in its Fourier series that cannot be removed by successive changes
of coordinates, have amplitudes of order O(£2("+1)). This follows from the usual estimates on the decay of
Fourier amplitudes for C” functions (see, e.g., Lochak and Meunier [41]). Then applying an argument similar
to Theorem 1 in Neishtadt [50], but replacing the O(e~¢/ 92) Fourier amplitude estimate for the analytic case
with O(&2"+1) for C” Hamiltonians, one should obtain that the relative measure of the destroyed tori is of
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order O(&X"*1) instead of the usual O(/g).

8. Conclusions: chaos and diffusion near the equilibrium

In this paper we studied the structure of the phase space near resonant equilibria in a class of 3-DOF
Hamiltonian systems. We proved that under general conditions on the quartic terms of the Taylor expansion of
the Hamiltonian and for small detunings from the exact resonance, there exist two large families of quasiperiodic
solutions on most energy surfaces. However, the two domains of quasiperiodic motions are separated by
hyperbolic structures which can create sophisticated families of motions. In particular, we gave criteria for the
existence of non-trivial multi-pulse heteroclinic and homoclinic connections between three-dimensional invariant
spheres with two different time scales. These connections pass repeatedly near the plane p; = ¢, = 0 (i.e,,
71 = Z; = 0) before they asymptote to tori in forward and backward time.

Some of the results in this paper on the truncated normal form are extensions and improvements of those
appearing in Haller and Wiggins {23]. In an upcoming paper (Haller and Wiggins [25]) we apply the results of
our present study to low energy oscillations in a 3-DOF model of the classical water molecule. In that problem
motions on the surviving 3-tori represent regular, quasiperiodic exchange of energy between neighborhoods of
nonlinear normal modes, whereas the multi-pulse solutions connecting whiskered tori give a natural mechanism
for irregular, irreversible energy transfer between these neighborhoods.

We conclude this paper by some comments on near-equilibrium diffusion in the class of resonant Hamiltonians
we considered. Since K; is an integral at any order of truncation for the the normal form, the whiskered tori
we constructed on the 4-spheres E(Kj, hy) (see (6.16)) within the level surfaces H = const. are isolated from
each other, and there are no transition chains created by the transversal intersection of whiskers that would
yield diffusion through different 4-spheres. In the full system (7.1) this isolation of the (possibly surviving)
whiskered tori does not exist any more and the whiskers of tori originally lying on different level surfaces of
H, = K| do intersect generically (see Section 7.4). However, these secondary intersections are results of further
splittings caused by the “tail” and are smaller than any power of & for C> Hamiltonians. This is not surprising
since the speed of the drift through the tangles of these secondary intersections has to obey Nekhorosev’s general
estimates (Nekhorosev [51], Arnold et al. [5]) as established in Lochak [42] for perturbations of resonant
linear oscillators (see also Benettin and Gallavotti [6] for the case of nonresonant oscillators). Although the
tori we constructed are not amenable to the usual Melnikov-type methods that are used in the study of Arnold
diffusion, the elements of the construction of a transition chain of tori would be the same in our case. That
would, however, involve the study of exponentially small splitting directions. Related results exist for rapidly
forced 1-DOF systems (see Holmes et al. [27], Delshams and Seara [ 14], Ellison et al. [ 16] and the references
therein) which can be applied to normal forms of 2-DOF Hamiltonians (cf. Holmes et al. [27]). Important
results concerning the splitting of separatrices in two classes of model problems appeared recently in Chierchia
and Gallavotti [7] where the splitting distances turned out to be non-exponentially small in all directions. We
also mention the paper of Churchill and Rod [10] which proves the existence of homoclinic and heteroclinic
orbits in rapidly forced symmetric systems without control over the transversality of these orbits.

We emphasize that in our problem the possible exponentially slow diffusion created by intersecting whiskers
does not imply instability for the equilibrium. In particular, throughout our study we assumed for convenience
that the Hamiltonian in positive definite at the origin, hence the resonant equilibrium is Lyapunov-stable. So,
as opposed to the usual instability associated with diffusion, in our problem diffusion means a “mixing” of
solutions on a given five-dimensional energy sphere near the resonant stable equilibrium. This mixing is rather
intense in directions tangent to the 4-spheres E(K, k), because in these directions the splitting of whiskers is
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of order O(¢) for the original Hamiltonian (1.3). Numerical results visualizing the structures corresponding to
this mixing will appear in Haller and Wiggins [25]. On the other hand, in directions vertical to the 4-spheres
the possible diffusion is exponentially slow and it is questionable whether it is numerically observable at all.
For this reason we believe that the energetical implications of this “vertical” diffusion are negligible compared
to the observable chaos associated with “horizontal mixing” in the vicinities of the 4-spheres E(Kj, k).
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Appendix A. Calculation of the phase shifts

In this appendix we outline the calculations of the phase shifts defined in (5.6) for the 2-DOF subsystem
(4.16). Since ¥, = 0 on the manifold WY, we immediately obtain Ay (K,) = 0. The remaining two phase
shifts are given by the integral

ME (K2 = —as / (d+ax* (K1, k) ), (A1)
-0
where x'z”il (t; K1, K») is taken along the appropriate heteroclinic connection (cf. (6.3)).
From (4.16) (with € =0) and (4.3), we have

dx; dx;

dt = — = —_—
X2 2x1 (d + axy)

from which we see that

d

—w3/(d+ax2)dt= _8 [ (A2)
2 X1

Therefore, expressing x; as a function of x;, on the heteroclinic connections, and substituting (A.2) into (A.1)

yields

VK —w3K2
dx)

\/K] — w3K2 — x22 '

Computing these integrals, and using the identity sin™' x + cos™
d
as/ K1 - w3K2 ’

AYs (Ka) = —~ws
—~d/a

Vx =/2 gives

AYy (Ky) = —w3m + w3 cos™!

d
a\/Kl - w3K2 )

Ay (K2) = ws cos™!
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Appendix B. Proof of Lemma 7.1

We start by recalling that the for d = 0 (zero detuning) the cubic normal form Hamiltonian Hy,; is given by
Ho(x,K) = a(K) — w3Ky — x? — x3) xa.

Regarding K, as a fixed parameter, this 2-DOF Hamiltonian is exactly of the form studied in Kummer [36], p.
89. (In Kummer’s notation Hyy = K9, Ky =1, Ky = J3, x; = y, x2 = x, ¥ =, and his symplectic form has a
sign opposite to ours.) Using Kummer’s approach from that paper, we can factor the Hamiltonian by writing

Hyp = CY2A,  C = (K) — o3K2)¥?,  A=Hy /]

As we discussed in Section 7.1, the Hamiltonian Hy; admits action-angle variables (J, @) on two open domains
of its phase space corresponding to the elliptic regions shown in Fig. 2. We can therefore write

Hoi(x,K) = Ho(J1, )2, Jy) = C322, (B.1)

Kummer realized that the functional relationship between the quantities C and A and the action-angle variables
is somewhat easier to handle than the actual action-angle transformation itself from (x,yn,K3) to (J2 =
K>, 6>, J3,03).(Note that in his notation C = J and A = p.) This enables us to write the second nondegeneracy
condition in (7.8) in terms of C and A, and verify them for specific parameter values. We then argue, following
Kummer, that the determinant of the Hessian in the nondegeneracy condition involves analytic functions of A,
hence if it is nonzero at some specific value, then it may be zero only for a finite number of A values in any
finite A-interval. Our calculation will differ from Kummer’s in that he verifies isoenergetic nondegeneracy for
Hp; which turns out to be less computational, than verifying nondegeneracy in the sense of (7.8). Finally, we
only have to note that the nondegeneracy established this way clearly remains true for sufficiently small values
of the detuning d, for which the Hessian of Hy can be considered as a perturbation of the Hessian for d = 0.
Following this program, we introduce the quantity w by letting

_h
m=z

Kummer shows that x is an analytic function of A, and writes
1

277_.()(/\).

o=
Here {2 is a complicated analytic function defined in terms of a complex integral. Its derivative (2 is also
analytic (in Kummer’s notation §2 = w;). For our purposes, all we need to know about the function £ are the
following:

{z(i\/—%) =0, ()’(i%) = (B.2)

Using the definitions of x and C, implicit differentiation yields the relations

1 w3 ) w? dA 2w
Dpp=7, Dpp=pz, Dipu=2p35, “Ffﬁ' (B.3)
Using these relations together with (B.1) we obtain the following expressions for the second partial derivatives

of Hyi:
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D3} Hoy = 302C7 V24 = 303C XDy + C2N (D pyp)? + CPN D2 e,

D3} Ho = C7'2X,

Dy, Dy Hoi = —303C7'2N + CY2N'D .
These expressions and (B.2) yield that the determinant of the Hessian of Hp, evaluated at A = £2/v/27 is
given by

(D3, HoD3, Ho ~ (D4 D1, 0)?) | =“’—§(i——6———2) £0

- I s A=x2/vT 2A\ V27 ’

which proves the lemma as we discussed above. g

Appendix C. Persistence of invariant manifolds and invariant foliations
C.1. Normally hyperbolic invariant manifolds

We first give a brief description of the invariant manifold results that we will need following the notation
and formulation in Wiggins [63]. The general set-up is as follows. Consider a C", r > 1 vector field on R”",

x=f(x), (C.1)

with its flow denoted by ¢,(x). Suppose that (C.1) has an overflowing invariant manifold, M = M U M. By
the term overflowing invariant we mean that the vector field is tangent to M and points strictly outward on M.
Therefore, all trajectories starting on dM leave M.

Suppose we have the following continuous splitting of the tangent bundle of R” restricted to M:

TR"|y =TM © N* @ N¥,
with the associated projections

IT°: TR |3y — N, (C2)
IT° TR |y — N°. (C.3)

We note that N = N° & N¥ is the normal bundle of M. We assume that the subbundles TM & N* and TM & N*
are each invariant under D¢, for all t < O (i.e., overflowing invariant). Moreover, we assume that for each
pPEM N,’j is u-dimensional and Nf, is s-dimensional; therefore M is n — (s + u)-dimensional.
Growth rates of vectors in these subbundles under the linearized dynamics are characterized by generalized
Lyapunov type numbers defined as follows:
A“(p) =timsup | D, (p)ins |I'",

1—o0

»*(p) =limsup || II*De, (¢—,(p)) vs 1M,

o tog | Dé_w(p) |
=1 .
TP =N e | 11D, (61 (p)) I |

The manifold M is called normally hyperbolic if for any point p € M, A*(p),v*(p) < 1 and o°(p) < 1/r
hold. We have the following persistence theorem for normally hyperbolic invariant manifolds and their unstable
manifolds.

(C4)
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Theorem C.1 (Fenichel [17]). Suppose 1 = f(x) is a C” vector field on R*, r > 1. Let M = M UM be
a C’, compact connected manifold with boundary overflowing invariant under the vector field f(x). Suppose
vi(p) < 1, A%(p) < 1, and o’ (p) < ]; for all p € M. Then there exists a C" overflowing invariant manifold
W"(M) containing M and tangent to the embedding of N* into R" along M with trajectories in W*(M)
approaching M as r — —oo. Moreover, the unstable manifold is persistent under perturbation in the sense
that for any C” vector field fP(x) O(e) C'-close to f(x), with & sufficiently small, there is a manifold
W (MP) overflowing invariant under fP"(x) and C" diffeomorphic to W* (M).

Next, we consider the existence of foliations of W*(M) by submanifolds corresponding to initial conditions
that approach the same trajectory on M at the most rapid rate as + — —oo. First, we need to characterize
growth rates with generalized Lyapunov type numbers. In addition to the three type numbers given above, we
have the two additional type numbers

o“(p) =limsup || D, |m (¢—1(P)) “1/1” H“D¢_,(p)|1v;; Hl/,’
— o0

o™ (p) =limsup || 1"Dp_,(p)|w« ||''| T*Dep; (¢-:(p)) Ve (C3)

1—00

"
Ny N

We have the following unstable manifold foliation theorem.

Theorem C.2 ( Fenichel [18]). Suppose X = f(x) is a C" vector field on R", r > 1. Let M = M U M be
a C", compact connected manifold with boundary, overflowing invariant under the vector field f(x). Suppose
AYp) < 1, 0%(p) < 1,and o™ (p) < 1 for every p € M;. Then there exists a n — (s + u)-parameter family
F*=Upem f*(p) of u-dimensional surfaces f“(p) (with boundary), such that the following hold:

(1) F" is a negatively invariant family, i.e., ¢_, (f“(p)) C f* (d)_,(p)) forany t >0 and p € M.

(2) The u-dimensional surfaces f“(p) are C".

(3) f*(p) is tangent at p to the embedding of N}‘, into R".

(4) There exist Cy, A, > 0 such that if g € f“(p) then

|| b (g) —d_.(p) ||< Cue_/\“[,

forany t > 0.
(5) Suppose g € f4(p) and ¢’ € f*(p’). Then

| d_i(q) —b_i(p) | _
| -1(q") —d_:(p) ||
unless p = p’.
(6) f(p) N f“(p') =0, unless p = p'.
(7) If the hypotheses of the unstable manifold theorem hold, i.e., if additionally »°(p) < 1 and o°(p) < } for

every p € M, then the u-dimensional surfaces f“(p) are C" with respect to the basepoint p.
(8)y F' =W{ (M).

0 as t7oo,

We note that since M is overflowing invariant it only makes sense to consider the unstable manifold of M.
If M were inflowing invariant then we would consider dynamics in the limit  — +oco and the above theorems
would be recast as stable manifold and stable manifold foliation theorems. If M is invariant, such as would
be the case if M were boundaryless or if the both the unperturbed and perturbed vector fields were tangent to
the boundary, then Theorems C.1 and C.2 can be applied to the time-reversed vector field to conclude that the
manifold persists along with its stable and unstable manifolds with stable and unstable foliations.
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C.2. Proof of Theorems 7.3 and 7.4

We now apply Theorems C.1 and C.2 to the 3-DOF system (7.1) to prove statements (i)-(iii) of Theorem
7.3 and statements (i)-(iii) of Theorem 7.4. We do not construct the manifold M/ as the perturbation of A1/,
but as a perturbation of the manifold of equilibria M{, of the cubic normalized Hamiltonian (4.3). We note that
Mé is both overflowing and inflowing invariant, i.e., invariant. As a result we can consider its survival under
perturbation without modifying the vectorfield on its boundary. Similarly, both the persistence of its stable and
unstable manifolds can be studied directly.

We first compute the generalized Lyapunov type numbers defined in (C.4),(C.5). We sketch the calculations
for M3, the calculations for M} are identical.

Recall that the invariant manifold M3 is given by

M2 = {(x,K,l/l) €P|x) =3(K) = VKi — 01Kz — &2/, x2 = —d/a, (Ka,thy) € A}.

Letting (8, 6K, 51&) denote variations in the corresponding variables, the linearization of (4.7) about M(z) is
given by

ox ox
6K | =B| 6K |,
S Sy
where

—2ax3(K) 4d a —aw3 00
0 2a82(K)0 0 00
Bes 0 0 0 0 00
0 0 0 0 00
0 a 0 0 00
0 —aw3; 0 0 00

It is easy to see that —2ax%(K ) and 2ai%(K ) are simple eigenvalues of B whereas 0 is a repeated eigenvalue.
Clearly, there are four independent eigenvectors corresponding to O since the manifold M3 of fixed points
is four-dimensional. As a result, after a linear change of coordinates the exponential of the matrix B can be
written in the form

Bl = <e8(1)40r IdO > , eert — dlag (e—EZaift’ esZaXft)' (C.6)
4x4

Note that the matrix e? is a representation of the linearized flow operator D¢, used in the previous subsection.
Furthermore, since M3 is a manifold of fixed points, for any p € M3 we have ¢_,(p) = p. Using these facts
together with (C.6) gives

I T'D—i(p)Ing =l Dy (6-1(p))

where we used the usual Euclidean matrix norm. Then a direct substitution of these expressions into (C.4)-(C.5)
shows that for fixed € > O,

N(p) =A% = g~ Halev/Ki—wska—d/d |
Vi(p) =t = e dldevKi—mk—dtd |

=e % | D_i|m(p) ||I=2, (C.7)

" s
Ny N,
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o'(p) =0’ =0,

. . 2/q2
rcu(p) ot =e 2|aler/Ki —w3K2a—d?/a <1,

. _ — A2/ 42
U'"“(p) oM =e 4|aler/Ki—wiK2—d?/a < 1.

Since all the type numbers computed above satisfy the conditions of Theorems C.l1 and C.2 we conclude
that for £ > 0 fixed, all vectorfields sufficiently C I_close to the truncated cubic normal form admit invariant
manifolds and foliations with the properties described in Theorems C.1 and C.2. This, however, does not imply
the existence of such manifolds and foliations for the full 3-DOF system (7.1). The reason is that in that
system the perturbation is of fixed order for € > 0 fixed. In other words, in our problem the “strength” of
the normal hyperbolicity and the size of the perturbation are not independent. This “weak hyperbolicity” is
a general phenomenon that arises when one applies normally hyperbolic invariant manifold theory to normal
forms.

The problem of weak normal hyperbolicity can be dealt with as follows. We consider the following artificial
two-parameter system:

i =ela(K) — 03Ky — x3 — x3) — 2(d + axy) x;] + O(&%),
%2 =€2x) (d + axy) + O(&%),
4 = —ew3 (d + axy) + O(&),

Ky =O(&),
U =1+e(d+axy) + O,
K, =0(&), (C.8)

where we view & as small and fixed, and £ as an independent perturbation parameter. In this way, for &
sufficiently small, (C.8) has a normally hyperbolic invariant manifold Mg We want to argue that this is true
for & < &. In order 1o make this conclusion we must compute the generalized Lyapunov type numbers for the
perturbed normally hyperbolic invariant manifold Mﬁ and show that these type numbers satisfy the hypotheses
of Theorems C.1 and C.2 for £ < &. Of course, this cannot generally be done without knowing an explicit form
for the perturbed invariant manifold. However, an indirect argument due to Kopell [35] will suffice.

In the proof of Theorem C.1, the perturbed manifold is constructed as the graph of a section of a C’
transversal bundle of the unperturbed manifold. Thus, symbolically, we denote the perturbed manifold as

M2 = graph G;.

We carry out the argument for the generalized Lyapunov type number A“(p). The argument for the remaining
four type numbers is similar. Using the above notation, the perturbed generalized Lyapunov type number A“(p)
is given by

A“(Ge(p)) = limsup || TEDS- () iy, I
t—00

We write t = nT + r, where n € N and r € [0,T). We then have the inequalities

Vi = || 1D (uriry (P)

< || IEDp_wr(p)|ne, |7 TEDS-,(p)
<|| 11D (p)|n: 1" TEDG_, (p)

[ Hngﬁ—r(P)iNgw | e ”1/(nT+r)

N;J, ”l/t

N Hl/t‘

&p
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Taking the limsup of this expression as f — oo gives

A(Ge(p)) <|| DS (p)|ne, |7

The generalized Lyapunov type numbers are not typically differentiable (or even continuous) functions of
parameters. Therefore the significance of this inequality is that although the left hand side of the inequality

may not be continuous in &, the right hand side is C =1 in & Thus we have
X(Gs(p)) <|| MeyDd_r(p) T +O(8) = e~ HalevKi—asko=d/a® L ().

Thus, for & small and fixed, it follows that for £ sufficiently small we have

!
NE:O.[!

Au(gé(p)) Se—2|a|s K|—w3Kz—d2/a2+O(é) < e—2|a|e Ki~w3Ky—d2/a? +O(8) <1.

Hence, A*(Gs(p)) <1 for£<e.
Thus, Theorems C.1 and C.2 can be applied to our setting and the statements (i)-(iii) in Theorems 7.3 and
7.4 are just restatements of these results in the context of our specific problem.
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